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The Mitchell Embedding Theorem

Mitchells Einbettungssatz

Zusammenfassung:

Diese Bachelorarbeit konstruiert die erforderlichen Elementen der Kategorientheorie, um Mitchells
Einbettungssatz darzustellen, zu erklaren und zu beweisen. Der Satz besagt, dass jede kleine abelsche
Kategorie eine volltreue exakte Einbettung in eine Modulkategorie besitzt, was uns im Wesentlichen
erlaubt, kleine abelsche Kategorien als Unterkategorien von Modulkategorien zu interpretieren.

Dafiir stellen wir bekannte Einbettungskonstruktionen und deren Eigenschaften vor, wie die Yoneda
Einbettung mit ihren Faktorisierungen zusammen mit dem Yoneda Lemma.

Nachdem wir Mitchells Finbettungssatz bewiesen haben, erklaren wir einige Konsequenzen und Fol-
gerungen dieses Satzes und untersuchen, wie der Satz angewendet werden kann, um niitzliche Ergebnisse
aus der homologischen Algebra, sowie das Fiinferlemma und das Schlangenlemma, zu verallgemeinern.
Diese Verallgemeinerungen nehmen typerscherweise Aussagen, die fiir Kategorien von Modulen gelten,
und erweitern sie zu analogen, stirkeren Aussagen, die fiir alle abelschen Kategorien gelten.

Abstract:

This bachelor thesis constructs the required category theory to adequately present, explain and prove
the Mitchell embedding theorem. The theorem states that every small abelian category has a fully
faithful exact embedding into a category of modules, which essentially allows us to interpret small
abelian categories as subcategories of categories of modules.

To do this, we introduce and develop well-known embedding constructions and their properties, such
as the Yoneda embedding, and its factorizations, along with the Yoneda lemma.

After proving the Mitchell embedding theorem, we explain some consequences and corollaries of this
theorem, and explore how to apply the theorem to generalize useful results from homological algebra,
including the five lemma and the snake lemma. These generalizations usually take statements which
are true for categories of modules and extend them to analogous, more powerful statements which are
true for all abelian categories.

Diese Bachelorarbeit wurde von Emanuel Roth an der Fakultat fir Mathematik und Informatik
in Heidelberg unter der Betreuung von Prof. Dr. Gebhard Bockle erstellt
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0 Motivation and Introduction

0.1 Motivation and Introduction

Category theory was introduced in the 1940s by Saunders Mac Lane and Samuel Eilenberg to serve
as a framework where homology and homotopy could be studied in a more algebraic context than
prior attempts. Category theory’s strength is that it identifies similar properties between wide-ranging
constructions and gives us a deep insight on their behavior and structure without having to deal with
explicit pedestrian examples and arguments. It can be applied to groups, fields, modules, Banach
spaces, topologies, and many more constructions.

Homological algebra, in its simplest form, first arose as the study of homology and homotopy within
topological spaces. Slowly the field expanded and generalized with the introduction of category theory
and commutative algebra. The field’s more generalized statements and theorems have wide-ranging
applications in algebraic geometry and topology, algebraic number theory, complex analysis and many
more disciplines.

The Mitchell embedding theorem (I11.3.3.1 [Mor20]), ([NCal9]) is a useful result in homological algebra,
which was proven by Peter Freyd and Barry Mitchell in the 1960s. It gives us an additional structure
to certain abelian categories that lets us identify such categories with subcategories of modules. This
theorem has several applications that help us transfer known results from categories of modules,
which are typically well-understood, to abelian categories, which have less structure and are more
generalized. This is often rather useful because abelian categories are frequently used constructions
in homological algebra. The theorem can be applied to help us better understand certain abelian
categories of sheaves within algebraic geometry and sheaf theory. Many so-called “diagram chasing’
theorems for modules from homological algebra, such as the five lemma, snake lemma, nine lemma
and more, can be generalized to work for abelian categories rather easily using the Mitchell embedding
theorem.

)

This thesis mainly follows the first three chapters of Sophie Morel in Homological Algebra ([Mor20]),
and partially Martin Brandenburg in Einfihrung in die Kategorientheorie ([Bral6]). Where some
details may be expanded upon or left out according to their general usefulness or relevance to proving
the Mitchell embedding theorem.

0.2 Structure of the Thesis

The thesis will be structured as follows: Section 1 introduces the basics of category theory with
some examples and Section 2 introduces important types of categories such as additive and abelian
categories, as well as many useful related statements and lemmas. Section 3 explains the dual concepts
of injectives and projectives, as well as generators and cogenerators. Injectives and projectives fulfill
certain universal properties that have nice properties in categories with generators and cogenerators.
In particular, we introduce Grothendieck abelian categories here. Section 4 gives a brief introduction
to sheaves and in particular sheaves on Grothendieck pretopologies. This section also constructs and
discusses sheafification and its useful properties. Section 5 puts all our results together to prove
Mitchell’s embedding theorem and afterwards explains some useful applications and consequences of
the theorem.

The first two sections of this thesis may be prior knowledge and thus may be skipped or partially
skipped. Material more directly relevant to proving Mitchell’s embedding theorem begins nearing the
end of Section 2.

1 Category-Theoretic Preliminaries

1.1 Grothendieck Universes

1.1.1 Motivation (Grothendieck Universes) (I.1 [Mor20]): We will work under Zermelo-Fraenkel
set theory with the aziom of choice (written briefly as ZFC') ([Wik21e]). We want to introduce


http://perso.ens-lyon.fr/sophie.morel/notes540.pdf#prop.3.3.1
http://perso.ens-lyon.fr/sophie.morel/notes540.pdf#section.1.1

1.1.2

1.1.3

1.1.4

some important and general definitions, such as graphs and categories, which contain objects and
morphisms. For example, we want to be able to talk about a graph or category whose objects
are sets.

A naive attempt to formalize this idea would be to define a graph G as containing the information
of a set of objects Ob(G) and sets of morphisms Homg (A, B) for all objects A and B in G.
However formally this becomes problematic when we discuss the graph of sets. Here the objects
would form the set of all sets, which is not a well-defined set within ZFC, this can be shown
through Russell’s paradoxz ([Mat20]), or shown with an argument involving cardinality, known
thanks to Georg Cantor ([Mat21]).

There are multiple solutions to help resolve this which mainly involve extending ZFC sensibly.
One may use von Neumann-Bernays-Gadel set theory ([Wik21d]) which introduces the notion of
classes, which are more general than sets. However, Mitchell’s embedding theorem wouldn’t work
for some categories defined through this approach. We instead use Grothendieck’s extension of
ZF(C which introduces Grothendieck universes to avoid working with classes. In our graph of sets
example, we want to “shrink” the graph of sets so that not all sets are objects.

Definition (Grothendieck Universes) (I.1.1 [Mor20]): A Grothendieck universe U is a set
containing sets as elements with the following properties:

i) 0eU.
(ii) If x € U and y € x, then y € U.
(iii) If z € U, then {z} € U.
(iv) If x € U, then P(z) € U, whereby P(zx) is the power set of x.
(v) If (24)ier is a family of sets in U indexed by I € U, we have J;c; z; € U.
(vi) The natural numbers are in U, i.e. N € Y.
Notes (Grothendieck Universes):

(a) (1.1.2(ii)) and (1.1.2(iv)) together imply (1.1.2(iii)), because for x € U we have {z} €
P(x) € U and therefore {z} € U.

(b) Here we note that (1.1.2(vi)) and (1.1.2(ii)) would imply that natural numbers, such
as 3 € U are sets themselves. To make sense of this, we must view natural numbers
set-theoretically and define 0 = (), n + 1 = P(n) recursively for all n.

(c) Applying (1.1.2(iv)) and (1.1.2(ii)) gives the following statement: If x € & and y C z, then
we have y € U.

(d) Grothendieck universes, given they exist, are sufficiently large enough and contain enough
cardinalities for us to sensibly to define categories and graphs using them whilst avoiding
set-theoretic problems, such as Cantor’s theorem ([Mat21]) and Russell’s paradox ([Mat20]).

(e) Under ZFC, the sets within a Grothendieck universe also fulfill ZFC, as universes are sets.

Tarski-Grothendieck Set Theory ([Wik21c]): Tarski-Grothendieck set theory is an extension
of ZFC which contains ZFC' and the following additional axiom (a statement independent of
ZFC):

Axiom of universes: Every set lies within a Grothendieck universe.

This is useful as it enables us to construct larger and larger universes always containing specific
sets.

For the rest of the thesis, we will work with Tarski-Grothendieck set theory.

1.1.5

Definitions (U/-Sets and U/-Small Sets) (1.2.1.3 [Mor20]): For a Grothendieck universe U we
define:
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1.2

(a) Asetzisall-setif z € U.

(b) A set x is U-small if there exists a y € U and a bijection between x and y.

Categories

With Grothendieck universes we can now define the categories and graphs that we will need throughout
the thesis. From now on let U be a Grothendieck universe.

1.2.1

1.2.2

1.2.3

1.2.4

1.2.5

Definition (Graphs) (2.5 [B620]): A graph G = (Ob(G), Mor(G), dom, cod) consists of a tuple
consisting of a set of objects Ob(G) and morphisms, denoted by Mor(G) (not necessarily a set),
such that we have the mappings dom : Mor(G) — Ob(G) and cod : Mor(G) — Ob(G).

For a morphism f in Mor(G), the domain of f is dom(f) = A and the codomain of f is cod(f) = B.
We can more briefly write f : A — B and call f a morphism from A to B.

Definition (Collections of Morphisms) (2.9 [B620]): For all objects A and B in a graph G,
the morphisms from A to B are denoted by Homp(A, B) (not necessarily a set).

Definition (Categories) (2.7, 2.8 [B620]): A category C = (Ob(C), Mor(C),dom,cod, 1, 0)
consists of a graph (Ob(C), Mor(C), dom, cod) with:

(i) A mapping 1: Ob(C) — Mor(C), A+ (14 : A — A) that maps to identities of objects.
(ii) A mapping o : (Mor xop Mor)(C) — Mor(C), (g, f) — g o f whereby:

(Mor xop Mor)(C) = {(g, f) € Mor(C) x Mor(C)|dom(g) = cod(f)},

denotes pairs of morphisms whereby composition is possible.
The composition o and identity 1 must also have the following properties:

(a) For all pairs (g, f) such that composition is possible with f : A — B and g : B — C, we
have a morphism go f: A — C in Mor(C).

(b) For all morphisms f: A— B we have f = foly =1po0 f.

(c) o is an associative composition, meaning that for all pairs (h, g) and (g, f) with composition
we have ho (go f)=(hog)o f.

Definitions (U/-Categories and U/-Small Categories) (I.2.1.3 [Mor20]): For a Grothendieck
universe U and a category C:

(a) C is a U-category if for all objects A and B it follows that Hom¢ (A, B) € U.
(b) Cis a U-small if C is a U-category and additionally Ob(C) is U-small.
Examples (Categories) (1.2.1.7 [Mor20)):

(a) SETy is the category of U-sets, where the objects are U-sets, i.e. Ob(SETy) = U and the
morphisms are functions between U-sets. It is obvious that the composition of functions
works as it should, and that it is associative. Furthermore, using 1(A) = id4 as the identity
function for all objects works as it should.

For two objects A and B in SETy, Homggr, (A4, B) is a U-set. One can show that A, B € U
implies A x B € Y (I.1.3(ii) [Mor20]) and therefore P(A x B) € U. Functions f: A — B
can be encoded as a particular subset of A x B by identifying f with {(a, f(a))|la € A}.
Thus Homggr, (A, B), as the collection of all such sets {(a, f(a))|a € A}, is a subset of
P(A x B) € U i.e. Homggr,, (A, B) € P(P(A x B)) € U and thus Homgg,, (A4, B) € U.

With this statement, SETy, is a U-category, but not a U-small category as Ob(SETy) = U is
not a U-small set due to (I.1.7(i) [Mor20]).
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(b) ABy is the category of abelian U-groups, whereby its objects are sets G € U with an abelian
group structure (G, +, e), and its morphisms are group homomorphisms. Similar to SETy,
ABy defines a U-category.

(c) Topy is the category of U-topologies, whereby its objects (X, ) are U-sets X endowed with
a topology 7, and its morphisms are continuous functions between topologies. ToPy; also
defines a U-category.

(d) Let R be a U-ring, i.e. a ring such that R € U. rMoDy is the category of U-left-R-
modules, whereby its objects are left- R-modules (M, 0, 1, +, ) such that M € Y. Morphisms
in RMoODy; are module homomorphisms (i.e. R-linear functions) and RMODy, is again a
U-category.

We analogously define MOD gy, as the category of U-right-R-modules.

1.2.6 Definition (Dual Categories) (2.18 [B620]): Dual categories are important as they are used
for presheaves and sheaves. Let C be a category, then its dual category is a category C°P that
fulfills the following:

(i) Ob(C) = Ob(CP), i.e. they have the same objects.

(ii) There exists a bijection Mor(C) — Mor(C°), f — f°P between the morphisms with the
following properties:

(a) The domains and codomains are swapped, i.e. dom(f) = cod®?(f°P) and cod(f) =
dom®P(f°P), whereby dom®°? and cod®? are domains and codomains in C°P.

(b) If we denote o as the composition in C and o°P as the composition in C, then we have
for f, g and g o f in Mor(C) that (g o f)°P = fOP 0P goP,

C°P is also uniquely defined from C and when it is clear from context, we will write f instead of
for.

1.2.7 Note (Dual Categories): The dual of a dual of a category is itself again, i.e. for a category C
we have C = (C°P)°P.

1.2.8 Definition (Product Categories) (2.26 [B620]): Let C and D be two categories, then the
product category C x D is the category whereby the objects are tuples (C, D) such that C' € Ob(C)
and D € Ob(D). The morphisms are exactly the tuples (f,g) : (C,D) — (E,F) whereby
f:C — FE is a morphism in C and g : D — F' is a morphism in D.

In C x D, the pair of morphisms (f, g) and (h,7) can only composed as (h,i) o (f,g) = (ho f,i0g)
if and only if cod(f) = dom(h) and cod(g) = dom(7).

1.2.9 Definitions (Left and Right Compositions) (2.29 [B620]): Let C be a category and
f+A— B be a morphism in C.

(a) Left Compositions: Let W be an object in C, then we define left composition as the
function f, : Home (W, A) = Home(W, B),g— fog.

(b) Right Compositions: Let W be an object in C, then we define right composition as the
function f*: Home(B, W) — Hom¢(A, W), h+— ho f.

1.2.10 Definitions (Types of Morphisms) (2.30 [B520]): Let C be a category and f: A — B be a
morphism in C.

(a) Monomorphisms: f is a monomorphism if f. is injective for all objects W in C.
(b) Epimorphisms: f is an epimorphism if f* is injective for all objects W in C.

(c) Isomorphisms: f is an isomorphism if there exists a morphism g : B — A in C, such that
gof=1gand fog=1p.



1.2.11 Lemma (Dual Categories) (2.31 [B620]), ([NCa21d]): For a category C and a morphism
f+A— B, it follows that:

(a)
(b)

f is a monomorphism in C if and only if f is an epimorphism in C°P.

f is an epimorphism in C if and only if f is a monomorphism in C°P.

Proof: See references for a general explanation. |

1.3 Functors

We've reviewed categories since categories are sometimes defined differently in different contexts.
Functors have more standard definitions. Let U be a Grothendieck universe.

1.3.1 Definition (Functors) (I.2.2.1 [Mor20]): Let C and D be categories. A functor F : C — D
comprises of:

(i)
(i)

A function F': Ob(C) — Ob(D), A — F A (here a function as Ob(C), Ob(D) are sets).

A mapping F' : Mor(C) — Mor(D),(f : A - B) — (Ff : FA — FB) such that for two
morphisms in C where a composition g o f exists, it follows that Fi(go f) = Fgo Ff.

The image of the function F' : Ob(C) — Ob(D), along with the associated morphisms (F'f :
FA — FB)femor(c) form a subgraph F(C) of D, which we call the image of F.

1.3.2 Examples (Functors): Important examples of functors include the following:

(a)

Opposite Functors: Let F': C — D be a functor between categories C and D, then there
exists a canonical opposite functor FOP : C°P — D°P between categories C°P and D°P that is
uniquely derived from F. Due to (F°P)°P : C — D being the same as F', F' is also uniquely
derived from F°P.

Forgetful Functors: Forgetful functors describe inclusions of categories into other cate-
gories. In general, forgetful functors typically map from objects with more structure to the
same objects, but with less structure.

For example, let R be an U-ring, we then define the forgetful functor For : RMODy — SETy,
which maps U-left- R-modules and R-linear functions to their underlying /-sets and functions.
Analogously there also exists a forgetful functor For : MODgy — SETy

For : AByy — GRPy is the forgetful functor that maps abelian U-groups to U-groups.
Hom-Functors: Let C be a U-category and A be an object in C. We define the mappings:

Home(-, A) : CP° — SETY, W = Home (W, A), (f - W — V) — f7,

Home(A, ) : C — SETy, W — Hom¢e (A, W), (f W = V) — fi,

with the morphisms f* : Home(V, A) — Home(W, A) and f, : Home (A, W) — Home (A, V)
from (1.2.9(a)) and (1.2.9(b)). As C is a U-category, the sets Hom¢ (W, A) and Home (A, W)
above are U-sets and therefore the mappings above define functors Home(-, A) and
Home¢ (A, -), which are called hom-functors.

Furthermore, with the product category C°? x C, we can combine these two functors to
create the hom-functor Home(_, ):

Home(-,-) : C°P? x C — SETy, (A, B) — Hom¢(A, B),

((f,9): (A,B) — (C,D)) — ((f*,9«) : Hom¢(C, B) — Hom¢(A, D),h — goho f),

whereby f: A — C, g: B — D are morphisms in C. Generalizations of these functors will
be important for defining adjoint functors in (1.3.5(g)).


http://perso.ens-lyon.fr/sophie.morel/notes540.pdf#sublemma.1.2.2.1

1.3.3 Definition (Natural Transformations) (I.2.3.1 [Mor20]): Let C and D be two categories and
F:C—Dand G:C— D be two functors. A natural transformation v : F — G is a collection
of morphisms (uA : FA — GA)scon(c) in D such that for all morphisms f: A — B in C, the
following diagram in D commutes:

FA" Ga

o Lo

rB 2 aB

We then define FUNC(C, D) as the category of functors from C to D: the objects of FuNc(C, D) are
functors from C to D, and the morphisms u : F' — G of FUNC(C, D) are natural transformations
from F to G.

1.3.4 Notes (Natural Transformations):

(a) It can be shown that a natural transformation u : F' — G in Func(C, D) is a monomorphism
(respectively epimorphism, isomorphism) if for all objects A in C, uA : FA — GA is a
monomorphism, (respectively epimorphism, isomorphism) in D. For isomorphisms, the
converse implication is true (2.50 [B620]). If D has all pullbacks (respectively all pushouts)
as defined later in (2.2.7), then the converse implication for monomorphisms (respectively
epimorphisms) is true ([Mat14]).

We say there is a natural isomorphism between two functors F' and G if there is a natural
transformation w : ' — G that is an isomorphism in Func(C, D).

(b) If C and D are U-categories, FUNC(C, D) is not in general a U-category. However, if C
is furthermore U-small, then it can be shown that for any two functors F,G : C — D,
Hompyyc(e,p) (F, G) injects to a subset of [[4con(c) Homp(F'A,GA) € U with the help of
(I.1.3(viii) [Mor20]). This implies Homgyc(c,p)(F,G) € U, which makes FUNC(C,D) a
U-category.

1.3.5 Definitions (Types of Functors) (2.42 [B620]): Let C and D be categories and let F': C — D
be a functor.

(a) Faithful: F is faithful if for all objects A and B in C, the mapping:

Fu g :Home(A, B) — Homp(FA, FB), f — Ff is injective.

(b) Full: F is full if for all objects A and B in C, the mapping:

Fy p:Hom¢(A, B) = Homp(FA, FB), f — Ff is surjective.

(¢) Fully Faithful: F is fully faithful if F' is full and faithful.
It is easy to check that the image F'(C) of a fully faithful functor is a subcategory of D.

(d) Conservative: F' is conservative or reflects isomorphisms if for every morphism f in C
whereby F'f is an isomorphism in D, f must then itself be an isomorphism. This definition
will be relevant for Section 3.2.

(e) Category-Isomorphism: F'is a category-isomorphism if there exists a functor G : D — C
such that G o F' = 1¢ is the identity functor on C and analogously F o G = 1p.

(f) Category-Equivalence: F is a category-equivalence if there exists a functor G : D — C
such that there exists natural isomorphisms ©u = Go F' — 1l¢ and v = FF o G — 1p.

A functor F : C°°® — D is a category-anti-equivalence from C to D if F is a category-
equivalence.
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(g) Adjoint: Let C and D be U-categories. For functors F' : C — D and G : D — C, we write

equivalently that: (i) (F,G) is an adjunction or an adjoint pair, (ii) F is left adjoint to G,
(iii) G is right adjoint to F, (iv) F' 4 G, when there exists a natural isomorphism u between
the two functors:

Homp (F(), ) : C° x D — STy, (C, D) s Homp(FC, D),

Home (., G(L)) : C°P x D — SETy, (C, D) — Hom¢(C,GD),
This implies that for all objects C' in C and all objects D in D, there is a bijection of sets:

u(C, D) : Homp(FC, D) — Hom¢(C,GD).

1.3.6 Example (Category-Isomorphisms): Since every abelian U-group is canonically a U-right-
Z-module and a U-left-Z-module, it is clear that there exists category-isomorphisms ABy =
zMODy = MODzy,.

1.3.7 Examples (Adjunctions):

(a) Free Functors (7.4 [Bral6]): We define the free functor (_) : SET;; — rMODy, as follows:

For a U-set, we define the free U-left-R-module on A, denoted by (A), as the U-set:
{(z4)aca| For all a : z, € R, and for finitely many a : z, # 0},

equipped with the addition (z4)ecA + (Ya)acA = (Ta+Ya)aca and multiplication 7+ (x4)qca =
(r-xq)aca- It is easy to check that (A) is an object in pMODy. For a function f: A — B
between U-sets, we have the corresponding module homomorphism (f) : (A) — (B) defined
as follows: For o’ € A, we define (0q,4/)aca € (A), whereby 0, = 1 if a = a’ and 9, 4 = 0 if
a # a'. We then set (f)((da,a)aca) = (9 f(a))bep for all a’ € A. This defines (f) uniquely
as a module homomorphism since ((0q,q/)aca)a’ca forms an R-basis of (A). It is easy to
check that for two functions f: A — B and g : B — C, we have that (go f) = (g) o (f) and
thus that (_) is a well-defined functor.

Let For : pMoDy; — SETy be the forgetful functor as defined in (1.3.2(b)). We then
claim that ((_),For) is an adjoint pair, i.e. that there exists a natural isomorphism u :
Hom nopy, (=), -) = Homggy,, (-, For()). Let A be a U-set and M be a U-left- R-module, we
then define u through the bijections:

u(A, M) : Hom ,niop, ((A), M) — Homgyy,, (A, ForM), f — f|a,

whereby f|4 is the morphism that maps a’ to f((0q,a )aca) for all ' € A. u(A, M) is a
bijection with the inverse mapping v(A, M) that sends g : A — ForM to ¢’ : (A) — M with
' ((za)aca) = (zq - g(a))aca. Due to ((dg,a')aca)arca being a R-basis of (A), it is easy to
check that v(A, M) and u(A, M) are inverse to each other. Furthermore, for a morphism of
U-sets f: A — B and a module homomorphism g : M — N of U-left- R-modules, it is easy
to check that the following diagram commutes:

u(B, M)
Hole\dODZ/{ (<B>’ M) — HomSETZ/( (B, FOI'M)

((f)*,g*)l l(fﬁ (For(g)).)
u(A, N)

The above construction functions for U-right- R-modules as well, implying that the analo-
gously defined free functor (_) : SET;; — MOD gy and forgetful functor For : MOD gy — SETy
form an adjoint pair ((_), For).

Hom-Tensor Adjunctions ([Sta21]): Let R be a commutative U-ring and M be an object
in RMoODy, then the functors ((- ®g M ),Hom ,von, (M, -)) form an adjunction.



Now we state and prove a useful category-isomorphism using opposite algebraic structures.

1.3.8 Definitions (Opposite Algebraic Structures):

()

(b)

Opposite Groups: Let (G,0,+) be a group. The opposite group (G°P, 0, +°P), written G°P,
has the same underlying set G°? = G. However, we define the addition as a +°?b=>b+a
for all a,b € G. This defines a unique group G°P with the same inverses (i.e. —°Pa = —a)
and the same neutral element 0 as G.

The inverse mapping G — G°P, g — —g defines a group isomorphism between G and G°P.

Opposite Rings (1.1 [B620]): Analogously, we define the opposite ring (R°P, 0,1, +, -°P) to
the ring (R,0,1,+,-), whereby the underlying subgroup (R°P,0,+) is the same as (R, 0,+).
For -°P we define ¢ -°? b =b-a for all a,b € R.

1.3.9 Lemma (Category-Isomorphisms of Modules) ([Stal5]): Let R be a U-ring, then MODgy
is category-isomorphic to gepr MODy. Thus, many theorems that we prove for RMODy, for any
U-ring R will also apply to MOD gy, for any U-ring R (as we may simply replace R with R°P).

Proof: See reference for a general explanation. ]

1.4 Presheaves and the Yoneda Lemma

Let U be a Grothendieck universe and let C be a U-category.

1.4.1 Definition (Presheaves) (2.39 [B620]): We define the category of presheaves on C as
the category PSH(C) = FuNc(C°P,SETy). For a U-ring R, we also write PSH(C,R) =
Func(CP, gpMoDy). More generally let D be a U-category, then the category of D-valued
presheaves on C is the category PSH(C, D) = FUNC(C°P, D).

1.4.2 Definition (Categories of Open Sets) (1.3.1.2 [Mor20]): Let (X, 7) be a topology, then
we define the category of open sets OPEN(X) as the category with the following objects and
morphisms:

(i)
(i)

Open sets U € T are the objects of OPEN(X).

Inclusions of the form ¢ : U — U’,u — wu for all U C U’ are the morphisms of OPEN(X).

If X is a U-topology, then OPEN(X) is clearly a U-small category.

1.4.3 Examples (Presheaves):

(a)

(b)

Let A be an object in C. then the hom-functor Home(-, A) : C°? — SETy, as defined in
(1.3.2(c)), is a presheaf on C.

Let (X, 7) and (Y, n) be U-topologies. We write C(X,Y") as the space of continuous functions
from X to Y, which is clearly a U-set. For an open subset U C X equipped with the subset
topology (U, 7|r), C(U,Y) is the space of continuous functions from U to Y.

We can then define the functor C': OPEN(X)°? — SET; whereby CU = C(U,Y). For an
inclusion morphism ¢ : U — U’, i.e. U C U’, we define Cv : C(U'Y) — C(U,Y) as the
mapping f +— f|y that restricts functions onto a smaller domain. It is easy to show that
C is a well-defined presheaf. C' is also a motivating example for sheaves, which we will
encounter later in Section 4.

Examples of presheaves also exist in algebraic geometry. Let k£ be an algebraically closed
U-field and let X be a U-variety over k equipped with the Zariski topology. We define the
structure presheaf as I'x : OPEN(X )P — SETy, whereby for an inclusion ¢ : U — U’ of
morphisms we have:

Ix(U)={f:U — k|f is a regular function}, Tx¢:Tx(U") = Tx(U),f~ flu.


http://perso.ens-lyon.fr/sophie.morel/notes540.pdf#sublemma.1.3.1.2

1.4.4

1.4.5

1.4.6

1.4.7

1.4.8

1.4.9

Definition (Representable) (5.2.12 [Bral6]): A presheaf F': C°? — SETy, that is naturally
isomorphic to a presheaf of the form hy = Homg (-, A) for an object A in C, as defined in
(1.8.2(c)), is called representable.

Theorem (Yoneda Lemma) (5.2.5 [Bral6]), (A.1.5 [Mor20]), (3.1 Theorem 2 [RCT13]):
Let A be an object in C and F' : C°® — SETy be a presheaf on C, then the following bijection
between U-sets exists:

® : Hompgyc)(ha, F) = FA,(u:ha — F) = uA(la) € FA.

Proof: See references. O

Definition (Yoneda Embeddings) (5.2.10 [Bral6]), (3.1.1 [RCT13]): The Yoneda embedding
is a functor h : C — PSH(C) such that:

(i) h sends an object W to the hom-functor hy, i.e. hW = hy

(ii) Let f : A — B be a morphism in C, we then define hf = hy : ha — hp, ie.
hy : Home(-, A) — Home(-, B), as the natural transformation defined through the left
composition morphisms (f. = hyW : Home(W, A) — Home (W, B))weob(c)- hy is well-
defined as a natural transformation as it is clear for all morphisms k& : W — V in C, the
following diagram commutes:

hV = f.
haV—— hgV

hAk:k*l lth:k*
hW = fu

haW ——— hpW

It is also easy to check that for another morphism g : B — C'in C, we have hgof = hgo hy
due to the functoriality of left composition.

Corollary (Yoneda Lemma): The functor h : C — PSH(C) is fully faithful.

Proof: For all objects A and B in C, we want to show that hqp : Hom¢(A,B) —
Hompgy(cy(ha, hp), f = hy is bijective. Due to the Yoneda lemma from (1.4.5) with hp = F, we
have the bijection ® : Hompgyc)(ha, hp) — hpA = Home(A, B). With ®(hy) = hyA(1a) = f,
we see that hy g = ®~1 : Home(A, B) — Hompgy(c)(ha, hp) is bijective. O
Definition (Representations) (5.2.13 [Bral6]): A representable presheaf F' of C has the
representation (A, «), whereby A is an object of C and oo € F'A such (A, «) describes a natural
isomorphism ®~!(a) : hy — F.

Note (Dual Yoneda Lemma) (5.2.9 [Bral6]), (3.1 Theorem 1 [RCT13]): One can replace
C°P with C and do the same calculations from Section 1.4 again. In this case we would
use k4 = Hom¢(A, ) : C — SETy instead of hy and say that a natural transformation in
Func(C, SETy) is corepresentable if it is naturally isomorphic to k4 for an object A in C.

Analogously, there exists a bijection due to the dual Yoneda lemma:
(5 HomFUNC(C,SETu)(kAa F) - FA? (U : kA - F) = UA(]-A)a

such that corepresentable functors F' : C — SETy can be corepresented with the pair (A4, a),
whereby ¥~1(a) : k4 — F is an isomorphism.

Just as in (1.4.7), it can be shown that the induced functor k : C°® — FuNc(C, SETy), which
sends an object W to the hom-functor kyy, is fully faithful due to the dual Yoneda lemma.
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1.5

Limits and Colimits

Limits and colimits are important constructions that allow us to understand universal properties found
in mathematical constructions in a diagrammatic way. Let U be a Grothendieck universe and C be a
U-category.

1.5.1

1.5.2

1.5.3

1.5.4

1.5.5

Definition (Diagrams): We define a functor D : Z — C as a U-small diagram when Z is a
U-small category.

7 as an index category is sometimes only defined up to a category-isomorphism. Z also sometimes
has a finite set of objects, in which case we call Z finite and D a finite U-small diagram.

Definitions (Cones and Cocones) (6.2.1, 6.3.1 [Bral6]), ([Kie06]):

(a) Comes: Let D :Z — C be a U-small diagram and let T' be an object in C. A D-cone from
T to C is a collection of morphisms (p; : T' — Ci);con(z) indexed by Ob(Z), such that for
every morphism f :4i — j in Z, the following diagram commutes:

T
pi/ N\
Ci T Cj

(b) Cocones: Analogously we define cocones. Let D : Z — C be a U-small diagram and let T
be an object in C. A D-cocone from C to T is a collection of morphisms (p; : Ci — T);con(z)
indexed by Ob(Z), such that for every morphism f : i — j in Z, the following diagram

commutes:

Df .
Ci —— Cj

N
T

Definition (Constant Diagrams) (6.2.1 [Bral6]): Let C be a U-category and T be an object
in C. For any U-small index category Z we define A(T') : Z — C as the constant diagram that
sends all objects in Z to 1" and all morphisms in Z to the identity 17. The family of identities
(17 : T = T)icon(z) is a A(T)-constant cone and a A(T)-constant cocone.

Furthermore, for a morphism f : T — T” in C, there exists a canonical natural transformation
A(f) : A(T) — A(T') given by the morphisms (f : T — T");con(z)-

Note (Constant Diagrams): Cones and cocones can be described with the help of constant
diagrams. Let D : Z — C be a U-small diagram. A D-cone from T to C can be uniquely identified
as a natural transformation from A(T) to D. A D-cocone from C to T is uniquely identified as a
natural transformation from D to A(T'). These cones and cocones lie in Hompyyez,c)(A(T), D)
and Hompyye(z,0) (D, A(T)) respectively.

Definitions (Limits and Colimits) (6.2.2, 6.2.3, 6.3.2, 6.3.3 [Bral6]), ([Kie06]):

(a) Limits: A limit of a U-small diagram D : 7T — C is a representation of the functor
Hompyye(z,c)(A(2), D) : CP — SETy. Explicitly, the representation is (7', o) whereby 7' is
an object in C and « is an element of FUNC(A(T'), D), i.e. « is a D-cone from T to C.

To demystify this formal definition, we observe that we have found a natural isomorphism
between functors Hompyye(z,c)(A(-), D) and Home(-, T) = Hompyyez,o)(A(2), A(T)) as
seen in (1.4.4). The proof of the Yoneda lemma (1.4.5) gives us the insight that the pair
(T, @) is a limit if and only if for every D-cone A(A) — D from A to C, there exists exactly
one morphism §: A — T in C such that the composition a o A(B) : A(A) — D is the same
as the original D-cone A(A) — D.
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1.5.6

1.5.7

1.5.8

We denote the limit as (T, ) = limz D, we often imprecisely denote 7' = limz D and leave «
to be found contextually.

(b) Colimits: A colimit of a U-small diagram D : T — C is a corepresentation of the functor
Hompyyoz,c) (D, A1) : € — SETy. Explicitly, the corepresentation is (T, o) whereby T' is
an object in C and « is a D-cocone from C to T'.

As with limits, we observe that we have found a natural isomorphism between functors
Hompyyez,c) (D, A(2)) and Hompyye(z,e) (A(T), A(L)) = Home(T, ) as seen in (1.4.9). The
proof of the dual Yoneda lemma and (1.4.9) gives us the insight that the pair (T, «) is a
colimit if and only if for every D-cocone D — A(A) from C to A, there exists exactly one
morphism 3 : T — A in C such that the composition A(S) o : D — A(A), is the same as
our original D-cocone D — A(A).

We denote the colimit as (7, o) = colimz D, we often imprecisely denote T' = colimzD and
leave «a to be found contextually.

Note (Existence of Limits and Colimits): The limit (or colimit) (T, ) of a diagram D does
not always exist and if it does, it is not always uniquely defined. However, one can show that
they are unique up to an isomorphism in C i.e. if (77, ') is another limit (or colimit), then one
can find an isomorphism f : T'— 7" in C such that o : A(T) — D and &/ o A(f) : A(T) — D (or
A(f)oa:D — A(T') and o : D — A(T") for colimits) are isomorphic to each other as natural
transformations.

This is important to keep in mind when we define objects with universal properties such as
kernels, equalizers and fiber products using limits (or colimits), as they are unique only up to
isomorphism.

Lemma (Limits and Colimits as Functors) (1.5.1.4, 1.5.1.5 [Mor20]): For a fixed ¢-small
index category Z and a U-category C that contains all limits of the diagram Z (respectively
all colimits of the diagram Z), limits (respectively colimits) define functors uniquely up to an
isomorphism:

lims : Func(Z,C) — C, D + limzD, colimz : Func(Z,C) — C, D ~ colimzD.

Proof: The object mappings D + limzD (respectively D + colimzD) are defined up to
isomorphism as C contains all limits of the diagram Z (respectively all colimits of the diagram 7).

For limits: For any natural transformation v : D — E of functors D, E : Z — C, we need a unique
morphism from D-cones limzD = (limzD, «) to limzE = (limz E, 3).

For the D-cone o € FuNc(A(limzD), D), we see that v o o € FUNC(A(limzD), E) is a D-cone
from limzD to C. Due to the universal properties of a limit, there exists a unique morphism
v :limzD — limzE in C such that u o a = o A(y) for the limit cone 5 € FUNC(A(limzE), E).

v is our definition for limzu : limzD — limzE. The uniqueness of v to the objects limzD and
limz F guarantees that for another natural transformation v : E — F, we have limzv o limzu =
limz (v o w). limz is thus a functor.

For colimits: The case for colimits follows analogously. ]

Definitions (Limits and Colimits of Diagrams) (2.5.1, 6.2.4, 6.3.5 [Bral6]): Let C be a
U-category.

(a) Initial Objects: An initial object A is an object in C such that for every object W in C,
there exists exactly one morphism in C from A to W (A — W). This is equivalent to saying
that A is the limit of the empty diagram D : Z = () — C.

(b) Terminal Objects: A final or terminal object A is an object in C such that for every object
W in C, there exists exactly one morphism in C from W to A (W — A). This is equivalent
to saying that A is the colimit of the empty diagram D : Z = () — C.
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(c) Zero Objects: An object A in C that is both initial and terminal is called a zero object.
We denote zero objects with 0.

(d) Products: For objects A; in C indexed by a U-set I, a (categorical U-small) product of
(A;)icr consists of an object [[;c; A; in C with projection morphisms (p; : [[;e; Ai = Ai)ier,
such that for all objects W in C and all morphisms (y; : W — A;);cr in C, there exists
exactly one morphism ¢ in C such that the following diagram commutes for all ¢ € I:

W
7

A; o [Lier 4

More formally, (IT;cr Ai, (pi)ier) is the limit of the diagram D : Z — C,i — A; whereby
Ob(Z) = I and Mor(Z) consists only of identities.

(e) Coproducts: Analogously we may define the coproduct as follows: For objects A; in C
indexed by a U-set I, a (categorical U-small) coproduct of (A;)icr consists of an object
[1;er A in C with inclusion morphisms (¢; : A; — [1;c5 Ai)ier, such that for all objects W
in C and all morphisms (¢; : A; — W);ecr in C, there exists exactly one morphism ¢ in C
such that the following diagram commutes for all ¢ € I:

vl

A — ier A

(ILier Ais (¢i)ier) is the colimit of the diagram D : 7 — C,i — A; whereby Ob(Z) = I and
Mor(Z) consists only of identities.

1.5.9 Examples (Limits and Colimits of Diagrams):

(a) One can easily show that () is an initial object in SET;; and that any set containing only one
object, i.e. a singleton {x}, is a terminal object in SET;;. In ABy it can be shown that the
trivial group {e} is both initial and terminal, i.e. a zero object.

(b) Let R be a ring, then gpRMoDy (and MODpgy) have all U-small products and coprod-
ucts (i.e. such products and coproducts exist and are well-defined). Let I be a U-
small set and (M;);c; be a collection of modules in pMoODy; (or MODpy). For products,
[Licr Mi = {(mi)icr|mi € M;} with the canonical projections defines a categorical product
of (M;)icr in pRMODy; (or MODpy). Analogously for coproducts, @;c; M; = {(m;)icr|m; €
M;, m; # 0 for finitely many i} with the canonical inclusions defines a categorical coproduct
of (Mi)iel in RMODy (OI“ MODRL[).

1.5.10 Note (Hom-Functors Commute with Limits and Colimits) (1.5.3.3, 1.5.3.5 [Mor20]):
Let Z be a U-small index category such that for all diagrams D : Z — C, we have that the limit
limz D exists in C (we denote this as a property of C, that C contains all Z-indezed limits). Let
A be an object in C, then for the functor Home(A4, -), it is shown in (I.5.3.3 [Mor20]) that for all
diagrams D : 7 — C, we have an isomorphism in SETy,:

Home (A, limz D) = lim;eonz) (Home (4, D(2))).

This can be denoted as follows: Home¢ (A, ) commutes with Z-indexed limits.

Analogous to (I.5.3.3 [Mor20]), we have the dual version of this statement as seen in (I1.5.3.5
[Mor20]): For a U-category C with all Z-indexed colimits, for all diagrams D : Z — C and an
object A in C, we have that:

Home (limzop DP, A) = Home (colimz D, A) = lim;cop(zor) (Home (DP (i), A)),
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1.5.11

1.5.12

with D°P being the opposite functor of D as defined in (1.3.2(a)). This can be denoted as follows:
Home(-, A) : C°P — SETy commutes with Z°P-indexed limits.

Lemma (Explicit Constructions of Limits and Colimits) (I.5.2.1 [Mor20]): SET; has
all U-small indexed limits and U-small indexed colimits (i.e. such limits and colimits exist and
are well-defined). More explicitly, let Z be a U-small index category with Ob(Z) = I and let
D : T — SETy be a diagram. Then the following statements apply:

a) We claim that the categorical product [],-; D7 coincides with the cartesian product, more
el
precisely:

A= {(di)ig € HD’L| Forall f:i— jinZ: Df(d;) = dj} ,
el

with the corresponding projections to the i-th component (g; : A — Di);cg, is the limit

limID.

(b) The categorial coproduct [];c; D%, which is the same as the disjoint union, exists in SETy.
We define an equivalence relation ~ on [[;c; Di as the equivalence relation generated from
the following relations:

For a € Di and b € Dj with f :i — j in Z such that Df(a) = b € Dj, then a ~ b.

Since the above relation only explicitly fulfills reflexivity, we add all the minimum extra
relations into ~, such that ~ also fulfills symmetry and transitivity, and is thus an equivalence
relation (see (1.5.2.1 [Mor20]) for an explicit description of ~). We claim that A =
[;c; Di/ ~ is the colimit colimzD with the canonical inclusions (g; : Di — A);cr.

Proof: For (a): For all D-cones from T to SET;; with functions (p; : T — Di);er, we have
Df op; = p; for all morphisms f : 4 — j in Z. There exists exactly one function g : 7T — A
given as 8 = (pi)ier|* such that the D-cone (p; : T — M;)scs is the same as the D-cone
(gioB:T — Di)er.

For (b): For all D-cocones from SET;, to T' with functions (p; : Di — T');cr, we have p; = pjoDf
for all morphisms f :i — j in Z. Due to the construction of ~, the functions (p; : Di — T);ecr
induce a function g : A — T as follows, § : [a] — pi(a) for a € Di and [a] € A. This
mapping is independent of the choice of a € [a] and is uniquely defined such that the D-cocone
(pi : Di — T);er is the same as the D-cocone (S o g;: Di — T)ey. O

Lemma (Explicit Constructions of Limits and Colimits) (I.5.5.1 [Mor20]): Let R be a
U-ring. RMODy and MOD gy, have all U-small indexed limits and U-small indexed colimits (i.e.
such limits and colimits exist and are well-defined). More explicitly, let Z be a U-small index
category with Ob(Z) = I and M : Z — pMoDy (respectively M : Z — MODpgy) be a diagram.
We will write Mi = M; for objects ¢ € I. The following statements apply:

(a) The product [];c; M; in RMODy (or MODRyy) exists due to (1.5.9(b)). Then we claim that:

A= {(mi)iej € HMZ\ Forall f:i— jinZ: Mf(m;) —mj},
iel

with the corresponding projections to the i-th component (g; : A — M;);es, is the limit
limIM .

(b) Coproducts exist in RMODy; (or MODpy) due to (1.5.9(b)). Define the coproducts with

inclusions B = (@ie[ MZ’, (Li)ief) and B’ = (@fGMor(I) Mdom(f)7 (L;‘)fEMor(I))‘ We then
define the R-linear mappings «, 3 : B’ — B induced by the components:

(i) For all morphisms f :4 — j in Z and for all 2 € Myom(s) C B’ with Mgom(s) on the
f-component of B' : a(z) = x € M; C B.
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1.5.13

1.5.14

1.5.15

1.5.16

(ii) For all morphisms f :i — j in Z and for all # € Mgom(y) C B" with Mygy(p) on the
f-component of B' : f(z) = M f(z) € M; C B.

We define A = B/Im(a — ) and the quotient mapping g : B — A, with the mappings
(pl : M; — A)ier whereby p}, = go; : M; — A. A with the morphisms (p});er is the colimit
colimz M.

These constructions also directly work for ABy,, as abelian U-groups are trivially -left-Z-modules
and also U-right-Z-modules.

Proof: Due to (1.3.9) and since category-isomorphisms preserve limits and colimits, it is enough
to show that RMODy, has all limits and colimits.

For (a): For all M-cones from T' to gMODy; with morphisms (p; : T — M;);c1, we have M fop; =
pj for all morphisms f : ¢ — j in Z. There exists exactly one R-linear mapping 8 : T' — A
given as = (p;)icr|* such that the M-cone (p; : T — M;);cr is the same as the M-cone
(gioB:T — M;)icr.

For (b): For all M-cocones from pMoODy to T' with morphisms (p; : M; — T);er, we have
p; = pj o M f for all morphisms f:% — jin Z. Let p : B — T be the morphism induced from the
morphisms (p;)ics. For all morphisms f in Z and for all 2 € Mmry C B’ with Mgom(s) on the
f-component of B, we have that po(a—p8)(z) = p(x—M f(2)) = Pdom(f)(*) —Peod(s) (M f(2)) = 0.
Thus, the image of & — 3 : B’ — B in B is a submodule of the kernel of p: B — T.

Then due to the fundamental theorem of homomorphisms, p factorizes uniquely through A =
B/Im(a — f3), i.e. there exists a unique R-linear mapping p’ : A — T such that p = p’ o g. Then
for the M-cocone (p; : M; — T');er we have (p' op, : My — T)ier = (P ogoti: My — T)ier =
(poti: My — T)ier = (pi : Mij — T)ier. Thus A with the morphisms (p})ier is the colimit
colimz M. O

Note (Explicit Constructions of Limits and Colimits) (I.5.5.1 [Mor20]): Similar proofs
show that Topry, and the category of U-rings RNGy also have all U-small indexed limits and
U-small indexed colimits with explicit constructions.

Definitions (Filtered and Cofiltered Categories) (I.5.6.1 [Mor20]): A U-small index
category Z is filtered if:

(i) Z is not empty, i.e. there exists an object in Z.

(ii) For two objects 7, j in Z, there exists an object k in Z and morphisms f : i — kand g: j — k
in Z.

(iii) If f, g : ¢ — j are morphisms in Z, there exists a morphism h : j — k so that ho f = hog.
The dual version also exists, whereby Z°P would be called cofiltered.

Definitions (Filtered and Cofiltered Limits and Colimits):

(a) A limit limz F is called filtered (or cofiltered) if T is filtered (or cofiltered).

(b) A colimit colimzF is called filtered (or cofiltered) if Z is filtered (or cofiltered).

Lemma (Filtered Colimits for Sets) (I.5.6.2 [Mor20]): Let Z be a U-small filtered category
and let D : Z — SETy be a diagram. The colimit (colimzD, (g; : Di — colimzD);con(z));
which exists in SET; due to (1.5.11(b)), has the following explicit construction colimzD =
(Iseon(z) Di)/ ~'. With the equivalence relation a € Di ~' b € Dj if and only if there exists
morphisms f :i — k and g : j — k in Z such that Df(a) = Dg(b) € Dk. The corresponding
morphisms g; : Di — colimzD must be the canonical inclusions in this construction.

Proof: For the statement to be true, we have to check that ~' is an equivalence relation, and
that ~’ induces the same equivalence classes as those of ~ seen in (1.5.11(b)).

15


http://perso.ens-lyon.fr/sophie.morel/notes540.pdf#subsubsection.1.5.5.1
http://perso.ens-lyon.fr/sophie.morel/notes540.pdf#sublemma.1.5.6.1
http://perso.ens-lyon.fr/sophie.morel/notes540.pdf#sublemma.1.5.6.2

1.5.17

For ~' being an equivalence class: ~' is clearly reflexive and symmetric so we need to show that
~' is transitive. Let a € Di ~' b € Dj and b € Dj ~' ¢ € Dk, i.e. there exists morphisms
firi—w, fo:jg—winZfora~"b and g1 :j — x, g2 : k — x in T for b ~' ¢, such that
Dfi(a) = Df2(b) € Dw and Dg1(b) = Dgs(c) € Dx. We want to show that a € Di ~' ¢ € Dk.
Since Z is filtered, use (1.5.14(ii)) to find morphisms «; : w — y and «ay : * — y for an object y
in Z. Use (1.5.14(iii)) to imply that there exists 5 : y — z in Z such that Soaj o0 fo = foagog;.
We claim that D(B o ajg o f1)(a) = D(B o ag o g2)(c):

D(Beoaro fi)(a) = D(Boar)(Dfi(a)) = D(Boa1)(Dfa(b)),
(Boaio fa)(b) = D(Boazog)(b),

(

(

Boa)(Dgi(b)) = D(B o az)(Dga(c)),

D
D
D(B oz o g9)(c).

For ~ and ~' being the same: Given a € Di ~ b € Dj, use the explicit description of ~ found
in (I.5.2.1 [Mor20]), and recursively apply properties (1.5.14(ii)) and (1.5.14(iii)) of Z to find
morphisms f : i — kand g: j — k in Z, such that Df(a) = Dg(b) € Dk. Thus a € Di ~' b € Dj.

Given a € Di ~' b € Dj, i.e. there exists f : i — k and g : j — k in Z such that Df(a) =
Dg(b) € Dk. We have that a € Di ~ Dg(b) = Df(a) € Dk and Dg(b) = Df(a) € Dk ~ b € Dj.
Then a € Di ~ b € Dj follows from transitivity. |

Lemma (Forgetful Functors for Modules) (1.5.6.3, A.2.4 [Mor20]): Let R be a U-ring.

(a) The forgetful functors For : RMoDy; — SETy and For : MOD gy — SETy commute with U-
small limits. More explicitly, for a U-small category Z and a diagram D : Z — pMoDy, (or D :
Z — MODRpy), we have that there exists a U-left- R-module structure (or U-right- R-module
structure) on limz(For o D), unique up to isomorphism and given as (limz(For o D),0,+, ),
such that (limz(For o D),0,+,-) = limzD as U-left- R-modules (or U-right- R-modules).

(b) The forgetful functors For : pMoODy; — SETy, and For : MOD gy — SETy; commute with U-
small filtered colimits. More explicitly, for a ¢-small filtered index category Z and a diagram
D : 7T — gMoby (or D : Z — MODpy), we have that there exists an up to isomorphism
unique U-left- R-module structure (or U-right- R-module structure) on colimz(Foro D), given
as (colimz(For o D), +, ), such that (colimz(For o D), +,-) = colimzD as U-left- R-modules
(or U-right- R-modules).

Proof: For (a): Let D : Z — SETy be a U-small diagram. The claim follows when comparing
the limits found in (1.5.11(a)) and (1.5.12(a)).

For (b): See references. U

2 Additive and Abelian Categories

We now introduce additive and abelian categories with their related lemmas, along with more universal
properties and constructions. Let U be a Grothendieck universe.

2.1
2.1.1

2.1.2

Additive Categories

Definition (Pre-Additive Categories) (4.1 [B620]): A is a pre-additive U-category if A is a
U-category and if:

(i) For objects A and B in A, we have an abelian U/-group given by (Hom4 (A, B),04,8,+4,B)-

(ii) For all objects A, B and C in A, the composition o is bilinear:

HOII]A(A,B) X HOII]A(B, C) - HOHIA(A, 0)7 (fa g) = (g ° f)
Examples (Pre-Additive Categories) (II.1.1.4 [Mor20]):
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2.1.3

2,14

2.1.5

2.1.6

(a) For a U-ring R and a U-field K, the category of U-vector spaces VECkyy, as well as RMODy
and MODpgyy, are pre-additive U-categories. This is clear since the space of linear functions
from one module to another module forms an abelian U-group. In particular, composition o
is clearly bilinear.

(b) If Z is a U-small category and A is a pre-additive U-category, we already know due to
(1.3.4(b)) that FUNC(Z, .A) is a U-category. It is also easy to check that FUNC(Z, A) is a
pre-additive U-category.

Lemma (Zero Objects) (09SE [JC21]): For a pre-additive U-category A, let A be an object
of A, then the following are equivalent:

(a) A is an initial object.
(b) A is a final object.
(c) 14 = 04,4 in Homy (A, A).

Proof: For (a) or (b) implies (c): If A is an initial or terminal object, then Hom4(A, A) can
only contain one element and thus 14 =04 4.

For (c) implies (a): Let f : A — W be a morphism in A. Then since f = folg = fo0s4 =044
due to the bilinearity of composition, we have that there exists only one element in Hom 4(A4, W).
Thus A is initial.

For (c) implies (b): Let f : W — A be a morphism in A. Then since f =140f =0440f =044,
we have that there exists only one element in Hom 4(A, W). Thus A is final. O

Lemma (Biproducts) (II.1.1.6 [Mor20]): For a pre-additive U-category A, let Ay, ..., Ay be
objects in A, then the following are equivalent:

(a) The product []}~, A4; exists in A.
(b) The coproduct [}, A; exists in A.

(c) There exists an object W in A with morphisms (p; : 4; =& W)i=1,.» and (1; : W —
A;)i=1....n such that:

(i) pioti=1y, foralli=1,...,n.
(ii) Forid,j =1,...,n,i# j we have pjo1; = 04, ;.
(iii) tiop1+ ...+ tnopy = lyy.

If any of the conditions (a), (b) or (c) are fulfilled, we have that [["; 4; = L A = W
are isomorphic to each other in A. We write W = @;_; A; and we have that (W, (p;)i=1,..n)
is a product of Ay,..., Ay, (W, (ti)i=1,..n) is a coproduct of Ay,..., A,. In this case we call
(VV, (pi)izl,...na (Li)z‘:l,...n) a bipmduct of Al, ey An in A.

Proof: See reference. (I

Definition (Additive Categories) (I1.1.2.1 [Mor20]): A is an additive U-category if it is a
pre-additive U-category that has finite biproducts. Using (2.1.3) and (2.1.4) we can restate the
condition of having finite biproducts as:

(i) For objects Ayq,... A, in A there exists a biproduct (@i Ai, (pi)i=1,..n, (ti)i=1,.n) in A.
(ii) There exists a zero object 0 in A, since 0 is an finite biproduct indexed over the empty set.

Examples (Additive Categories): For a U-ring R and a U-field K, the categories VECkyy,
rMoDy and MODp, are pre-additive U-categories due to (2.1.2(a)). They are furthermore
additive U-categories since finite biproducts of modules exist due to (1.5.9(b)).
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2.1.7 Definition (Additive Functors) (II.1.2.1 [Mor20]): A functor between pre-additive U-
categories F' : A — B is called additive if for all A, B € Ob(A), the function Homy4 (A, B) —
Homp(FA,FB), f— Ff is a group homomorphism.

An easy result to check is that if A and B have zero objects, then F must send zero objects to
zero objects due to (2.1.3).

2.1.8 Examples (Additive Functors):

(a) Let A be an additive U-category, then for an object A in A, the hom-functors Hom 4(A4, -)
and Hom4(_, A) are additive due to the bilinearity of composition.

(b) For a fixed U-small index category Z and a pre-additive U-category A that contains all
limits (respectively colimits) of the diagram Z, we have seen due to (1.5.7) that limz :
Func(Z, A) — A (respectively colimz) define functors. With A and Func(Z, A) being
pre-additive U-categories due to (2.1.2(b)), we have that limz and colimz are additive
functors.

Explanation: Let u,v : D — F be natural transformations between diagrams D, E : 7 — A
and let limzu, limzv : (limzD, o) — (limz E, B) be the induced morphisms from cones a to
B, i.e. the morphisms that factorize to give uo a = 8o A(limzu) and v o a = § o A(limzv).
limzu + limzv thus helps factorize (u+v)oa = 5o A(limzu + limzv) (due to the bilinearity
of composition o) and therefore limzu + limzv = limz(u 4+ v). Thus limz is an additive
functor, due to duality colimz is also an additive functor.

2.2 Universal Properties

There are many universal properties one may construct, we have seen initial objects, products and
their duals in (1.5.8). Some more are needed for Mitchell’s embedding theorem.

2.2.1 Definitions (Kernels and Cokernels) (0106 [JC21]), (I1.1.3.1 [Mor20]): Let A be a pre-
additive U-category. These constructions mimic kernels and cokernels as we know them from
modules and vector spaces. Let f: A — B be a morphism in A.

(a) Kernels: The kernel of f is (Ker(f),t) where Ker(f) € Ob(A) and ¢ : Ker(f) — A is a
morphism in A such that f ot = Oker(f),p and for all h : W — A whereby foh = Ow,p,
there exists exactly one morphism ¢ : W — Ker(f) in A such that the diagram commutes:

Ker(f HALB
gT/

!
(Ker(f),t) can be formally defined as the limit of the diagram A = B.
0

(b) Cokernels: The cokernel of f is (Coker(f),p), where Coker(f) € Ob(A) and p : B —
Coker(f) is a morphism in A such that po f = 04 coker(y) and for all h: B — W whereby
ho f = 04w, there exists exactly one morphism g : Coker(f) — W in A such that the
diagram commutes:

A %f B % Coker(f
\\ lg

f
(Coker(f),p) can be formally defined as the colimit of a the diagram A = B.
0
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2.2.2

2.2.3

2.24

2.2.5

2.2.6

Examples (Kernels and Cokernels): For categories of abelian U-groups, U-rings, U-modules
and U-vector spaces, the definitions of category-theoretic kernels and cokernels coincide with the
classical definitions of kernels and cokernels of these algebraic structures.

Definitions (Images and Coimages) (I1.1.3.2 [Mor20]): For a pre-additive U-category A
and a morphism f : A — B in A, the image Im(f) is the kernel of the cokernel p : B — Coker(f).
The coimage Coim(f) is the cokernel of the kernel ¢ : Ker(f) — A.

Lemma (Properties of Kernels and Cokernels) (I1.1.3.3 [Mor20]): Let f: A — B be a
morphism in an additive U-category A. The following statements are true:

(a) If the kernel of f exists, ¢ : Ker(f) — A is a monomorphism.
(b) If the cokernel of f exists, p : Ker(f) — A is an epimorphism.

(c) If the kernel of f exists, f is a monomorphism if and only if Ker(f) = 0. Furthermore if the
coimage of f exists, f is a monomorphism if and only if Coim(f) = A.

(d) If the cokernel of f exists, f is an epimorphism if and only if Coker(f) = 0. Furthermore if
the image of f exists, f is an epimorphism if and only if Im(f) = B.

Proof: See reference. O

Note (Decompositions of Morphisms) (II.1.3.4 [Mor20]): If an additive U-category A
has kernels and cokernels for all its morphisms, then it must also have images and coimages.
Applying the universal property of kernels and cokernels also proves that in A, all morphisms
f: A — B have a unique decomposition, depending on the choice of kernel and cokernel, of the
form:

A Coim(f) 5 tm(f) 2 B.

See reference for a proof.

Definitions (Equalizers and Coequalizers) (6.2.13, 6.3.9 [Bral6]): These may be seen as
a generalization of kernels and cokernels. Let C be a U-category and f,g: A — B be morphisms
in C.

(a) Equalizers: The equalizer of f and g (Eq(f,g),t) consists of Eq(f,g) € Ob(C) and a
morphism ¢ : Eq(f, g) — A, so that for all h : W — A such that f oh = go h, there exists
exactly one morphism k in C such that the diagram commutes:

. f
Eq(f,g9) = A?B
k

h
w

f
The equalizer (Eq(f, g),t) is the limit of the diagram A = B.
g

(b) Coequalizers: The coequalizer of f and g (Coeq(f,g),p) consists of Coeq(f,g) € Ob(C)
and a morphism p : B — Coeq(f, g), so that for all h: B — W such that ho f = hog, there
exists exactly one morphism k in C such that the diagram commutes:

f
A?B 5 Coeq(f, g)
\\ lk
A 1

f
The coequalizer (Coeq(f,g),t) is the colimit of the diagram A = B.
g
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2.2.7 Definitions (Fiber Products and Fiber Coproducts) (6.2.16, 6.3.16 [Bral6]): Let C be

a U-category. Fiber products and coproducts may be seen as a generalization of products and
coproducts.

(a) Fiber Products or Pullbacks: Let f : A — C and g : B — C be morphisms in C.
The fiber product (A xc B,pa,pp) consists of A xo B € Ob(C) with projection morphisms
pa: Axec B — Aand pg : A Xg B — A such that for all morphisms ¢ : W — A and

1 : W — B whereby fop = got, there exists exactly a morphism « such that the following
diagram commutes:

W\w
AXCBpr
[}
PAJ Jg
!
A— C

The fiber product (A x¢ B,pa,pp) is the limit of the diagram A i> c < B.

(b) Fiber Coproducts or Pushouts: Let f: C — A and g : C — B be morphisms in C.
The fiber coproduct (AUc B, ta,tp) consists of Al B € Ob(C) with inclusion morphisms
ta: A — Alg B and 1p : B — A Ug B such that for all morphisms ¢ : A — W and

¥ : B — W whereby o f =1 og, there exists exactly a morphism « such that the following
diagram commutes:
C
1
A~

HB

lm

The fiber coproduct (A Uc B, t4,tp) is the colimit of the diagram A L c B.

2.2.8 Example (Fiber Products): In SET, the fiber product can be explicitly constructed. For
functions f: A — C and g : B — C, the set A x¢ B is given explicitly as:

Axc B ={(a,b) € Ax Blf(a) = g(b)}.

2.3 Abelian Categories

Abelian categories generalize desirable properties of categories such as ABy, RMODy and MODgy.

2.3.1 Definition (Abelian Categories) (II.2.1.1 [Mor20]): An additive U-category A from (2.1.5)
is an abelian U-category, when:

(i) A contains kernels and cokernels for every morphism f: A — B in A.

(ii) For the decomposition of morphisms f: A — B in A given by (2.2.5):
Ay Coim(f) Y mm(f) s B,
we have that uy is an isomorphism in A.
2.3.2 Examples (Abelian Categories) (11.2.1.3 [Mor20]):

(a) The category of abelian U-groups ABy, is an abelian U-category.

(b) For a commutative U-ring R, the categories RMORy and MORp, are abelian U-categories.
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2.3.3

2.3.4

2.3.5

2.4

(¢) If Z is a U-small category and A is an abelian U-category, it is easy to check that FUNC(Z, A)
is also an additive U-category using (2.1.2(b)) and the following: Finite biproducts in
FuNc(Z, A) exist since limits in FUNC(Z, A) are determined object-wise due to (I.5.3.1
[Mor20]), and exist since finite biproducts exist in A.

Func(Z, A) is also an abelian U-category, since kernels and cokernels are determined object-
wise using (1.5.3.1 [Mor20]) and the fact that A is an abelian U-category. Furthermore, the
decompositions as seen in (2.2.5) still have an isomorphism in the middle, since isomorphisms
of natural transformations can be determined object-wise using (1.3.4(a)) and the fact that
A is an abelian U-category.

(d) The category of U-rings RNGy is not an abelian U-category. An initial object of RNGy, is
Z and a final object of RNGy is the trivial ring 0. If RNGy; were abelian (or even merely
preadditive), then Z and 0 would be zero objects of RNGy, due to (2.1.3). Since universal
properties are unique up to isomorphism, Z and 0 would have to be ring-isomorphic to each
other, which is not the case and thus leads to a contradiction.

Note (Duals of Abelian Categories): Often very useful in proofs is the fact that for any
abelian U-category A, A°P is also an abelian category.

Lemma (Isomorphisms in Abelian Categories): Let A be an abelian U-category and
f:A— B be a morphism in A. Then f is an isomorphism if and only if it is a monomorphism
and an epimorphism.

Proof: For forward implication: As f is an isomorphism, it must have an inverse morphism
g. With the help of g, it is clear that f is left-cancellable and right-cancellable (in terms of
composition), which makes f a monomorphism and an epimorphism.

For backward implication: Due to (2.2.4(c)), the kernel of f is the zero morphism ¢ : 0 — A. It
is then easy to see that the coimage of f the identity 14 : A — A = Coim(f). Analogously with
(2.2.4(d)), the cokernel of f is also a zero morphism which makes 15 : B = Im(f) — B the image
of f. Then using the decomposition from (2.2.5), it is clear that f = uy is an isomorphism. [J

Note (Abelian Categories have Finite Limits and Colimits) (010D [JC21]): In the
reference, it is proven that since 4 contains all finite products and coproducts, equalizers and
coequalizers, A also must have all finite limits and colimits.

Exact Functors and Short Exact Sequences

Let A and B be abelian U-categories.

24.1

2.4.2

Note (Image-Kernel Morphisms) (I1.2.1.7 [Mor20]): Let f: A — B and g : B — C be two
morphisms in A such that go f = 04 ¢, then the universal properties of kernels and cokernels can
be used to induce a canonical morphism 6 : Im(f) — Ker(g) such that for the kernel morphism
¢ : Ker(g) — B and the decomposition morphisms uy and ¢ty of f seen in (2.2.5), we have
f=wvpoupoty =rofousoty. Dueto usoty being an epimorphism, we have that vy = ¢ 06 is
a monomorphism, implying that € is a monomorphism.

Definition (Exact Sequences) (I1.2.1.8 [Mor20]):

(a) A sequence ... - A — B — ... of any length is an ezact sequence if the image of the
preceding morphism is isomorphic to the kernel of the following morphism via the induced
morphism 6 from (2.4.1).

(b) A diagram of the form 0 — A 5, B% €= 0in Ais called a short ezact sequence if the
image of the preceding morphism is isomorphic to the kernel of the following morphism
via the induced morphism 6 from (2.4.1). Due to (2.2.4), this is equivalent to f being a
monomorphism, g being an epimorphism and Im(f) = Ker(g) via 6 from (2.4.1).
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2.4.3

2.4.4

2.4.5

2.4.6

2.4.7

2.4.8

Note (Short Exact Sequences): It is clear that 0 — A LB % 0= 0is exact if only if its
dual is exact in A°P.

Example (Short Exact Sequences): For a monomorphism f: A — B in A, we have that:

0=ZKer(f) = A ENY; BN Coker(f) — 0,
is a short exact sequence, this follows directly from (2.2.4(c)).

Lemma (Split Short Exact Sequences) (I1.2.1.11 [Mor20]), (4.1.8 [Sch21]): Let 0 — A ER
B % C — 0 be a short exact sequence in A, then the following conditions are equivalent:

(i) There exists a morphism i : B — A such that io f = 14.
(ii) There exists a morphism h : C'— B such that go h = 1¢.
iif)

(iii) There exists morphisms i : B — A and h : C' — B such that: ¢ : B — A @® C induced by i
and g, ¥ : A® C — B induced by f and h, are inverse to each other, and thus B= A& C.

If one of the conditions are fulfilled, then 0 — A 1, B % ¢ — 0 is said to be split. Due to (i)
and (ii), the existence of h is guaranteed given i and vice versa.

Proof: See references. O

Definitions (Exact Functors) (I1.2.3.1 [Mor20]), (4.2.1 [Sch21]): Due to (2.3.5), A and B
contain all finite limits and colimits. Let F': A — B be an additive functor, then:

(a) F is left exact if F' commutes with finite limits i.e. for any diagram D : Z — A such that Z
is finite, we have F'(limzD) = limz F' D.

(b) F is right exact if F' commutes with finite colimits i.e. for any diagram D : Z — A such
that Z is finite, we have F'(colimzD) = colimzF'D.

(¢) Fis exact if it is left exact and right exact.

Notes (Exact Functors): Due to duality, the following equivalences are clear:
(a) F: A — Bis left exact if and only if its opposite functor F°P : A°P? — B°P is right exact.
(b) F: A — B is exact if and only if its opposite functor F°P : AP — B°P is exact.

The following lemma is very useful for characterizing exact functors.

Lemma (Equivalent Definitions of Exact Functors) (I1.2.3.2 [Mor20]), (4.2.2 [Sch21]):
For an additive functor F' : A — B the following statements are equivalent:

(i) F is left exact.
(ii) F commutes with kernels, i.e. F(Ker(f)) = Ker(F'f).
(iii) For any exact sequence 0 - A — B — C, the sequence 0 — FA — FB — F(C is also exact.

The duals of these statements also apply for F' being right exact, i.e. the following statements
are equivalent:

(iv) F' is right exact.

(v) F commutes with cokernels, i.e. F/(Coker(f)) = Coker(F'f).

(vi) For any exact sequence A — B — C' — 0, the sequence FA — F'B — FC — 0 is also exact.
Combining the previous two sets of statements, the following statements are equivalent:

(vii) F is exact.
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2.4.9

2.4.10

2.4.11

2.4.12

(viii) F' commutes with kernels and cokernels, i.e. F(Ker(f)) = Ker(Ff), F(Coker(f)) =

Coker(F'f).

(ix) For any exact sequence 0 - A — B — C' — 0, the sequence 0 - FA — FB — FC — 0 is
also exact.

Proof: See references. O

Note (Hom-Functors are Left Exact) (I1.2.3.4 [Mor20]): Let A be an object in A, it is
clear that Hom 4 (A4, _) : A — ABy and Homy4(-, A) : A°P — ABy are additive functors. Due to
A containing finite limits (2.3.5), due to the properties of hom-functors from (1.5.10) and due
to the forgetful functor For : AB;; — SET;; commuting with ¢-small limits due to (1.5.17(a)),
we have that Hom4(A4,_) : A — ABy and Hom (-, A) : A°® — ABy; both commute with finite
limits and thus they are left exact.

Lemma (Adjoint Functors) (I1.2.3.3 [Mor20]): For additive functors F' : A — B and
G : A — B such that (F,G) is an adjoint pair of functors, F' is right exact and G is left exact.

Proof: A and B have all finite limits and colimits due to (2.3.5). For a finite index category
7 and a diagram D : T — A, we want to check that (G(limzD),G o «) = (limz(G o D), 3),
whereby (limzD, o) and (limz(G o D), 3) are limit cones. As (limz(Go D),Goa) is a G o D-cone,
we have a unique morphism ¢ : G(limzD) — limz(G o D) which we claim is an isomorphism.
Due to the Yoneda lemma (1.4.7) it is enough to show that the morphism between presheaves
hy, : Homp(-, G(limzD)) — Hompg(_,limz(G o D)) is an isomorphism, we have:

Homg(-, G(limz D)) = Homp(F'(.),limz D)) = lim;copz) (Homp(F(-), D(4))),
with the final isomorphism due to (2.4.9). Then with the (F,G) adjunction we have:
Homp(-, G(limz D)) = lim,cop(z) (Homg(-, (G o D)(i))) = Homp(-, limz(G o D)),

with the final isomorphism due to (2.4.9). Therefore G is left exact as it commutes with finite
limits. The case for F' being right exact follows analogously due to duality. O

Corollary (Limits and Colimits are Adjoint) (I1.2.3.4 [Mor20]): For an abelian U-category
A. limz : FuNc(Z, A) — A is left exact and colimz : FuNc(Z,.A) — A is right exact.

Proof: limz and colimz are additive functors due to (2.1.8(b)). Furthermore in (1.5.5(a)), we
saw that for a U-small diagram D : T — A we have Hompyyc(z,4)(A(2), D) = Home (-, limz D).
Due to the construction of limz as a functor in (1.5.7), we see that (A,limz) are an adjoint
pair. Then due to (2.4.10) we have that limz is left exact. For colimz we have analogously
that Hompyye(z,a) (D, A(-)) = Home(colimz D, -), which makes (colimz, ) an adjoint pair and
therefore with (2.4.10), colimz is right exact. O

Lemma (Filtered Colimits are Exact) (II.2.3.4 [Mor20]): Let R be a U-ring and Z be
a U-small filtered category. Then the functor colimz : Func(Z, RMoDy) — rMODy is exact,
analogously colimz : FUNC(Z, MODpy) — MODpgy is also exact.

Proof: Due to (1.3.9), we must only prove the case for RMODy. RMODy and SET; contain
all U-small indexed limits and colimits due to (1.5.11) and (1.5.12), thus (I.5.3.1 [Mor20])
implies that FUNC(Z, RMODy/) and FUNC(Z, SETy) contain all ¢/-small limits and colimits. From
(2.4.11) we already have that colimz : FUNC(Z, RMODy) — rRMODy, is right exact so it suffices
to show that colimz : FUNC(Z, RMODy) — grMoODy, is left exact, i.e. colimz commutes with
finite limits.

Let J be a finite index category. We will use the following limit and colimit functors
lims : Func(J, gMopy) — gpMoby, lim3FT : Func(J,SETy) — SETy and colim$®™™ :
FuNc(Z, SETy ) — SETy along with colimz. Using the universal properties of limits and colimits,
there exists a unique module homomorphism ¢ : colimzlim 7 D(i, 7) — lim 7colimz D (3, 7).
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2.5

In (1.5.6.4 [Mor20]) it is proven that colim3*" : FUNC(Z, SETy) — SETy commutes with finite
limits as Z is a U-small filtered category. Then using (1.5.17) with the forgetful functor
For : RMoDy;, — SETy, we have the following bijections for a diagram D : Z x J — rMO0ODy:

For(colimzlim 7 D(i, 7)) & colim7*" lim %" For(D(i, 5)),
= 1im%F" colim3* For(D(4, j)) = For(limzcolimz D(i, j)).

As For commutes with colimz and lim 7, the isomorphism between For(colimzlim 7 D(i,7)) and
For(lim 7colimz D(i, j)) is the same as For(y). Thus ¢ is a bijective module homomorphism, i.e.
an isomorphism, and therefore colimzlim 7D (i, j) = lim ycolimz D(i, 7). O

Subobjects and Quotients

Let A and B be abelian U-categories. Subobjects and quotients are useful generalizations of subsets
and quotients that we know from dealing with sets and groups.

2.5.1

2.5.2

2.5.3

2.6

Definitions (Subobjects and Quotients) (II.2.2.1 [Mor20]): Let A be an object in A, then:

(a) A subobject of A is an element of {(B,¢)|t : B — A monomorphism in A}/ ~, where ~
is the equivalence relation: (Bi,t1) ~ (Bag,t2) if and only if there exists an isomorphism
@ : B1 = By such that ¢ = 19 0 9. We write B C A to refer to a certain subobject of A.
Let Sub(A) be the set of subobjects of A.

(b) A quotient of A is an element of {(B,p)|p : A — B epimorphism in A}/ ~, where ~ is
the equivalence relation: (Bi,p;) ~ (Ba,p2) if and only if there exists an isomorphism
¢ : By — Bj such that ps = p o p;. Let Quot(A) be the set of quotients of A.

Note (Subobject-Quotient Bijections) (II.2.2.2 [Mor20]): Let A be an object of A. For
every quotient of A given via the epimorphism p : A — B, we have the kernel ¢ : Ker(p) — A
which is a monomorphism due to (2.2.4(c)). Therefore, (Ker(p),¢) is a subobject of A which is
uniquely determined by (B, p), as the kernel ¢ : Ker(p) — A is uniquely determined by p up to
isomorphism. Furthermore, the cokernel epimorphism p’ : A — Coker(:) = Coim(p) = Im(p) = B
defines the same quotient B as p: A — B did.

Dually, for every subobject of A given as the monomorphism ¢ : C' — A, the cokernel epimorphism
p: A — Coker(:) uniquely defines a quotient (Coker(¢),p) of A and ¢/ : Ker(p) — A defines the
same subobject of A ast:C — A.

We have defined a bijection between Sub(A) and Quot(A), and thus we can represent a quotient
of A, given via the epimorphism p: A — B, uniquely as A/Ker(p).

Note (Subobject Order Relations) (I1.2.2.5 [Mor20]): It can be shown that the subobject
relation C from (2.5.1(a)) defines a partial order relation on Sub(A). Furthermore, it can be
shown that this relation forms a lattice, i.e. for subobjects B and C of A we have a well-defined
maximum max(B,C) = BUC € Sub(A4) and minimum min(B,C) = BN C € Sub(A). This is
proven in (I1.2.2.5 [Mor20]).

Cartesian and Cocartesian Diagrams

Let A be an abelian U-category and C be a U-category. Cartesian and cocartesian diagrams are an
important construction as they allow us to quickly determine properties of the morphisms in such
diagrams, using some clever tricks with universal properties.

2.6.1

Definitions (Cartesian and Cocartesian Diagrams): Observe the diagram of morphisms in

C:
A
a3

oL

a
—

O«
~
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2.6.2

The diagram is called a cartesian square if (B xpC, b, a) exists as a pullback in C and A = BxpC,
and the diagram is a cocartesian square if (Bl C, g, f) exists as a pushout in C and D = BLi4 C.

Lemma (Cartesian and Cocartesian Diagrams) (I1.2.1.15 [Mor20]): For a commutative
square in A:

A

|

c -

a
—

o e—t

we have the following:
(a) The following statements are equivalent:
(i) The induced morphism ¢ : A — B xp C' is an epimorphism.
(ii) The induced morphism ¢ : B LUy C' — D is a monomorphism.

(iii) The sequence A % B @ C % D is exact, whereby for the inclusions ¢ and (o and
projections pp and po of B @® C we have u = tg 0o a + tc o b as the morphism induced
by a and b and similarly v = f o pg — g o pc.

(b) 0+ A% B®C 5 D is exact if and only if the square is cartesian. A % B®C 5> D — 0
is exact if and only if the square is cocartesian.
Proof: For (a), (i) implies (iii): We have vou = (fopp—gopc)o(tpoa+ipoc) = foa—goc = 04p
due to the commutativity of the square. Due to (2.4.1) there exists a canonical monomorphism
0 : Im(u) — Ker(v) which we claim is an isomorphism.

Let ¢ : B xp C — B @® C be the morphism in A induced by the projections p’z : B xp C — B
and p- : B xp C'— C. Then for all objects W in A, we have the isomorphisms induced by ¢:

Homu(W,B xp C) = {(a: W = B,: A= C)|foa=go B},
= {v € Hom(W,B® C)|vovy =0} = Hom4 (W, Ker(v)).

Thus, it is clear that ¢ fulfills the universal property of the kernel of v, we have then Ker(v) =
B xpC. Furthermore, as ¢ and u are induced from the same morphisms a and b, we have u = 1o
where ¢ is a monomorphism and ¢ and epimorphism. It follows that Im(u) = Im(¢) = B xp C
due to (2.2.4) and thus we have 6 : B xp C — B xp C.

We have that § = 1px ¢ since for the decomposition of u = v, o u,, o t,, given by (2.3.1), we see
that to1pyx,c 0 uy oty = u, ie. 1px, ¢ fulfills the definition of # as seen in (I1.2.1.7 [Mor20]).
Thus @ is an isomorphism.

For (a), (iii) implies (ii): Let o : B @& C' — B & C be the morphism induced from the morphisms
lp:B— Band —1¢:C — C,ie. a =1gopp —tcopc. It is thus clear that « o @ = 1pgc
which makes a an isomorphism. If we let ' = aou and v = v o , then we have v/ o v/ =
voaoaou=wvou=0. Due to @ being an isomorphism, the morphism 6’ : Im(v’) — Ker(v')
given by (2.4.1) is an isomorphism if and only if € is an isomorphism. Thus, (iii) is equivalent to

A% B e C D being exact.

Let p: BUp C — B @ C be the epimorphism (as the dual of ¢ in A°P) in A induced by the
inclusions 3 : B — BUp C and - : C — B Up C. Then for all objects W in A, we have the
isomorphisms induced by p:
Homy(BUp C,W) = {(a:B—=W,5:C — W)|laoa = [ob},
= {y € Homy(B @& C,W)|you = 0} = Hom4(Coker(u'), W).

Thus, we have that B LUy C = Coker(u’). Since 1 = v’ o p and p is an epimorphism, we have
Coim(¢)) = Coim(v' o p) = Coim(v’). Since ¢’ : Im(u’) — Ker(v') is an isomorphism, we have the
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2.6.3

following isomorphisms given via (2.5.2):
BUy C = Coker(u') 2 (B& C)/Im(u) = (B & C)/Ker(v') = Coim(v').
We then have Coim()) = B L4 C which means that 1) is a monomorphism due to (2.2.4(c)).

For (a), (ii) implies (iii): (ii) being true in A is clearly equivalent to (i) being true in A°°?. When

applying (i) implies (iii) on A°P, we receive the exactness of the sequence A “BoC% D

in A°P. This implies the exactness of the sequence A - B @ C % D in A, which we saw is
equivalent to the exactness of A = B® C 5 D.

For (a), (iii) implies (i): As we know that A Y B C % D is exact in A, we know that

A% Ba 0% Dis exact in A°Pwhere we apply (iii) implies (ii) on .A°P. This gives us directly
that ¢°P is a monomorphism in A°P, which implies that ¢ is an epimorphism in A.

For (b): Due to duality, it is enough to show that 0 — A % B@®C % D is exact if and only if the
square is cartesian. Due to (a) it is also enough to show that w is a monomorphism if and only if
p: A— B xp (C is a monomorphism, this is clear since u = ¢ o ¢ whereby ¢ is a monomorphism.

g
Lemma (Cartesian and Cocartesian Diagrams) (08N4 [JC21]), (I.7.1 [Mit65]), (I1.2.1.16

[Mor20]): For a commutative diagram in C given by:

A—>B

|

C—D

)

the following applies if the square is cartesian, i.e. the pullback (B xp C,b,a) exists in C with an
isomorphism ¢ : A — B xp C":

(a) If f is a monomorphism, so is b a monomorphism.
(b) If C is an abelian U-category and f is an epimorphism, so is b an epimorphism.

If the square is cocartesian i.e. the pushout (B U4 C,g, f) exists in C with an isomorphism
¥ BUyg C — D, dual statements naturally apply:

(c) If b is an epimorphism, so is f an epimorphism.
(d) If C is an abelian U-category and b is a monomorphism, so is f a monomorphism.

Proof: It is enough to prove (a) and (d), as (b) and (c) follow from the duality of cartesian and
cocartesian squares and (1.2.11).

For (a): In order to prove that b is a monomorphism, let «, 5 : W — A be morphisms in C such
that bo a = bo 8. Therefore we have:

foaoa=goboa=gobof=foaof.

As f is a monomorphism, we then have aoa = aoff and boa = bo 3. As we have a cartesian square,
there exists a unique morphism ¢ : W — A so that bop =boa=boff andaopy =aoa=aof
and gobop = foaop. Therefore « = p = and b is a monomorphism.

For (d): Observe B & C' with the inclusions tp and 1o and projections pp and pc. Since b is a
monomorphism, we have that © = tg o a + 1t o b is a monomorphism since for all morphisms «
and (3 such that uoa =wuo 3 we have pcouoa=pcouof and thus boa=bo  and a = £.

Due to (2.6.2(b)), the square is also cartesian.

To show that f is a monomorphism, we can show that for a morphism h : W — B such that
foh=0wp we have h = Oy, (due to the bilinearity of composition). We have foh = goOw,,
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2.6.4

then the morphisms A and Oy, induce a canonical morphism [ : W — A since the square is
cartesian with A = B xp C. Since bol = Ow,¢ and since b is a monomorphism, we have [ = Oy 4.
Therefore since Oy, 4 is also the canonical morphism induced from zero morphisms Oy, g and
Ow,c, we have that h = Oy, g and thus f is a monomorphism. O

Lemma (Cartesian and Cocartesian Diagrams) (I1.2.2.6 [Mor20]): Let A, B and C be
objects of A such that B and C are subobjects of A, then the following diagram:

c>5B

gf

C

BN
|
C

with the corresponding monomorphisms, is both cartesian and cocartesian.

B

)

As a consequence, for any two morphisms o : B — W 8 : C — W in A such that their restrictions
on BN C are the same, i.e. «oa = fob, there must exist a v: BUC — W that ezrtends o and
Bonto BUC,ie. a=~ofand f=~vo0g.

Proof: The following is true for u : BNC' — B@C and v : B&C' — BUC as seen in (2.6.2): u is
clearly a monomorphism as a and b are monomorphisms and v is an epimorphism since Im(v) is a
subobject BUC' for which B and C' are subobjects of Im(v) (which implies Im(v) =2 BUC due to
maximality). v ow is the zero morphism due to the commutativity of the diagram, which implies
Im(u) C Ker(v) due to (2.4.1). If Ker(v) C Im(u) were not true, i.e. BN C = Im(u) C Ker(v),
then it would be clear that the kernel morphism of v, ¢ : Ker(v) — B&C, induces monomorphisms
tp : Ker(v) — B and (¢ : Ker(v) — C such that BN C is a subobject of Ker(v) and Ker(v) is a
subobject of B and C'. This contradicts the minimality of BNC' and thus we have Ker(v) C Im(u)
and thus Im(u) = Ker(v) via the morphism 6 : Im(u) — Ker(v).

We have shown the exactness of the sequences seen in (2.6.2(b)) and thus the diagram is cartesian
and cocartesian. O

3 Injectives, Projectives, Generators and Cogenerators

We have established many useful results from category theory and abelian categories. Now we will
begin defining structures that will eventually result in proving that the category of modules have
enough injectives, as seen in (3.4.8), an important result for Mitchell’s embedding theorem. Let U be a
Grothendieck universe.

3.1

Injective and Projective Objects

Let A and B be abelian U-categories.

3.1.1

3.1.2

Definitions (Injective and Projective Objects) (11.2.4.1 [Mor20]):
(a) An object I in A is injective when the functor Hom 4(-, I') : A°? — ABy is exact.
(b) An object P in A is projective when the functor Hom 4(P, ) : A — ABy is exact.

It is clear that these definitions are dual to each other, i.e. I is injective in A if and only if it is
projective in A°P,

Lemma (Equivalent Definitions of Injective and Projective Objects) (5.19, 5.20 [B620]),
(I1.2.4.2 [Mor20]):

(a) An object I in A is injective if and only if for all monomorphisms f : A — B and morphisms
u:A— I in A, there exists an ¢ : B — I (not necessarily unique) so that i o f = u, i.e. the
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3.1.3

following diagram commutes:

(b) An object P in A is projective if and only if for all epimorphisms f : B — A and morphisms
u: P — Ain A, there exists a h : P — B (not necessarily unique) so that foh = u, i.e.
the following diagram commutes:

Proof: As injective and projective objects are dual to each other, it is enough to prove (a) as (b)
follows from applying (a) in the dual category A°P.

For (a), forward implication: Let I be injective in A and f : A — B be any monomorphism in
A. Due to (2.2.4(c)) we have Ker(f) = 0, then due to (2.4.4) we know that the short sequence

04l B> Coker(f) — 0 is exact.

Applying Hom 4(_, I) which is exact, we have that 0 — Hom4(Coker(f),I) — Homyu(B,I) TN
Hom4(A,I) — 0 is also exact due to (2.4.8). With (2.2.4(d)) we have that f*: Homu(B,I)
— Hom4 (A, I) is an epimorphism in SETy,, which implies the surjectivity of f* as a function.
The claim then follows as for every u € Hom 4(A, I) there exists ai : B — [ with f*(i) = iof =u
as claimed.

For (a), backward implication: Let 0 — A i> B % C — 0 be a short exact sequence in A. Since

Hom4(-, I) is already left exact due to (2.4.9), we have that 0 — Hom4(C, I) U Hom (B, I) TN
Hom (A, I) is also exact because of (2.4.8).

Due to (2.2.4(d)), it suffices to show that f* an epimorphism, because 0 — Hom4(C, I) g,

Hom (B, I) Ei Hom (A, I) — 0 would be exact and thus Hom4(-, I) would be exact due to
(2.4.8). Since we assume the diagram condition for an object I in A and since f : A — B is
a monomorphism in A, we have that f* is surjective and an epimorphism, and thus the claim
follows. g

Lemma (Split Exact Sequences) (5.19, 5.20 [B520]), (0136 [JC21]), (I1.2.4.5 [Mor20]):
The following statements hold:

(a) I is injective if and only if every short exact sequence 0 — I LB%c 50 A splits, as
defined in (2.4.5).

(b) If P is projective if and only if every short exact sequence 0 — A i> B % P — 0in A splits,
as defined in (2.4.5).

Proof: As (b) is equivalent to applying (a) in A°P, it is enough to show that (a) is true.

For (a), forward implication: Let 0 — I 1, B % ¢ 5 0 be a short exact sequence in A. Using
the notation and the equivalence from (3.1.2(a)), we choose A = I and u = 1;. This implies that
there exists a 7 : B — I, such that i o f = u = 1; follows. Hence, the short exact sequence splits.

For (a), backward implication: Let f : A — B be any monomorphism and let v : A — I be any
morphism in A. For the pushout (I U4 B,tr,tp) in A induced from the morphisms f and and wu,
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3.1.4

3.1.5

3.1.6

3.1.7

3.2

we have that ¢; is a monomorphism due to f being a monomorphism and (2.6.3(d)) rotated.
Therefore, the bottom row of the diagram:

f
A— B

o |

O%IgIUAB%COkeI‘(L])%O

9

is exact and thus splits, giving us a morphism h : I Uy B — I such that (hotp)o f = u. Thus if
we choose i : B — [ as i = hop, I fulfills the conditions (3.1.2(a)) and is thus injective. [

Example (Projective Objects): Let R be a U-ring. R is then a projective object in RMOD;; and

MoD gy since for every short exact sequence in these categories of the form 0 — A ENY; IR R—0,
we can find an R-linear mapping h : R — B, 1g + a, whereby a € g~!(1g) such that goh = idp,
(such an a € g~!(1R) exists since g is surjective). These short exact sequences split and thus due
to (3.1.3(b)), R is a projective object.

Lemma (Products and Coproducts) (II.2.4.3 [Mor20]): Let (A;)ier be a U-collection of
objects in A, i.e we have I € U, then the following applies:

(a) If A; is injective for all 4 € I, then [[;c; A; is injective, given it exists in A.
(b) If A; is projective for all i € I, [],c; A; is projective, given it exists in A.
Proof: As (b) is equivalent to applying (a) in A°P, it is enough to show that (a) is true.

For (a): For an object A in A, Homy4(-, A) : A°® — SET;y commutes with ¢/-small indexed limits
due to (1.5.10). This generalizes to Hom4(_, [[;e; Ai) : A°® — SETy and [[;c; Homu(-, 4;) :
A°P — SET; being naturally isomorphic. Due to (1.5.17(a)), i.e. due to the forgetful functor
For : AByy — SETy commuting with U-small limits, we have that Hom4 (-, [[;c; 4i) : A — ABy
and [[;c; Homy(-, 4;) : A°P — ABy are also naturally isomorphic.

Since group-theoretic and category-theoretic kernels and cokernels coincide in ABy, as seen
in (2.2.2), it is clear that kernels and cokernels in AB;; commute with U-indexed products in
ABy, given they exist. Therefore, using (2.4.8) implies that Hom4(_, [[;c; 4;) is exact, since
Homy(-, A;) is exact for each ¢ € I. Thus [[;c; A; must be injective. O

Definitions (Enough Projectives and Enough Injectives) (I1.2.4.1 [Mor20]), (I1.14
[Mit65]):
(a) An abelian U-category A has enough injectives if for every object A, there exists an injective

object I in A and a monomorphism A — I in A.

(b) An abelian U-category A has enough projectives if for every object A, there exists a projective
object P in A and an epimorphism P — A in A.

Example (Enough Projectives and Enough Injectives): Later in (3.4.8), we will state and
prove that for a U-ring R, RMo0ODy; and MODp;; have enough injectives and enough projectives.
This however will require generators and cogenerators as discussed in Section 3.2.

Generators and Cogenerators

Let C and D be a U-categories and let A and B be abelian U-categories.

3.2.1

Definitions (Generators and Cogenerators) (I1.3.1.1 [Mor20]):
(a) G is a generator of C if Hom¢(G, -) : C — SETy is conservative, as defined in (1.3.5(d)).

(b) Cis a cogenerator of C if Home (-, C) : C°P — SETy, is conservative, as defined in (1.3.5(d)).
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3.2.2

3.2.3

3.2.4

3.2.5

It is clear that generators and cogenerators are dual to each other, i.e. A is a generator in C if
and only if it is a cogenerator in C°P.

Example (Generators): A singleton {x} is a generator in SETy, since for a function f :
A — B in SETy whereby the induced mapping f, : Homggy,, ({x}, A) — Homggr,, ({*}, B) is an
isomorphism, so is f an isomorphism.

Lemma (Faithful Functors Reflect Monomorphisms and Epimorphisms) (II.7.1
[Mit65]): Let F' : C — D be a faithful functor. Then F reflects monomorphisms (and re-
flects epimorphisms), i.e. for every morphism f : A — B such that F'f : FA — FB is a
monomorphism (respectively epimorphism), we have that f : A — B is a monomorphism
(respectively epimorphism).

Proof: For F reflecting monomorphisms: Let f : A — B be a morphism in C such that F'f is a
monomorphism in D. As F'f is a monomorphism, the left composition (F'f). : Homp(FW, FA) —
Homp(FW,FB), g — Ff og is injective for all objects W in C. With (Ff), restricted to
Fg — F(f og) for all morphisms g : W — A in C being still injective, we see that f, :
Homp(W, A) — Homp(W, B), g — f o g must also be injective as F' is faithful. This implies that
f is a monomorphism.

For F reflecting epimorphisms: Let f : A — B be a morphism in C such that Ff is an epi-
morphism in D. As F'f is an epimorphism, the right composition (Ff)* : Homp(F B, FW) —
Homp(FA,FW), h — h o Ff is injective for all objects W in C. With (Ff)* restricted
to Fh +— F(ho f) for all morphisms h : B — W in C being still injective, we see that
f* : Homp(B,W) — Homp(A, W), h — ho f is injective as F' is faithful. This implies that f is
an epimorphism. O

Lemma (Faithful Conservative Equivalences) (Ex 4.12 [Sch21]):
(a) Let F': A — B be a left exact functor, then F is conservative if and only if it is faithful.
(b) Let F': A — B be a right exact functor, then F' is conservative if and only if it is faithful.

Proof: Due to duality, it is enough to prove (a), since (b) derives from (a) applied to the
opposite functor F°P : AP — B due to (2.4.7). This is because the property of functors being
conservative or faithful is preserved between dualities.

For (a), forward implication: Let A and B by any two objects in A. As F' is additive, we want to
show that the F-induced group homomorphism Fy g : Hom4(A, B) — Hom4(FA,FB), f — Ff
is injective by showing that is has a trivial kernel i.e. F'f = O0p pp implies f = 04 p.

Let ¢ : Ker(f) — A be the kernel morphism in A. Then Fi : F(Ker(f)) =& Ker(Ff) — FA
is the kernel morphism of F'f in B due to (2.4.8). Due to the properties of zero morphisms,
Ff = 0parp : FA — FB has the isomorphism Ft = 1p4 : Ker(Ff) = FA — FA as the
kernel morphism. As F' is conservative, this implies that ¢ : Ker(f) — A is an isomorphism, i.e.
Ker(f) = A, which implies that f = 04 p is the zero morphism due to the characterizations of
zero morphisms.

For (a), backward implication: As F is faithful, we have that F reflects monomorphisms and
epimorphisms due to (3.2.3). For all morphisms f : A — B in A such that F'f : FA — FB is an
isomorphism, we then have that f is a monomorphism and epimorphism due to (3.2.3). Then
since A is an abelian U-category, we have that f is an isomorphism due to (2.3.4). (Il

Lemma (Generators and Cogenerators) (I1.3.1.3 [Mor20]), (Ex 4.13 [Sch21]): The
following statements are true:

(a) If A has a generator G, then for a morphism f: A — B in A, whereby the left composition
fx : Homy (G, A) — Hom4 (G, B) is surjective, f is an epimorphism.
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3.2.6

3.2.7

(b) If A has a cogenerator C, then for a morphism f : A — B in A, whereby the right
composition f*: Homyu(B,C) — Homy (A, C) is surjective, f is a monomorphism.

Proof: Due to duality, it is again enough to prove (a).

For (a): Since Hom 4(G, -) is conservative and is left exact due to (2.4.9), we apply (3.2.4(a))
which implies that Hom 4 (G, _) is faithful and thus reflects monomorphisms and epimorphisms
due to (3.2.3). Since Hom (G, -) maps f to fi, and f is surjective, i.e. an epimorphism in ABy,
f must then be an epimorphism. O

Lemma (Subobjects and Quotients are ¢/-Small) (II.3.1.3 [Mor20]): If A has a generator
G or a cogenerator C, then for any object A in A the sets Sub(A) and Quot(A), as defined in
(2.5.1), are U-small sets.

Proof: As subobjects and quotients are in bijection to each other due to (2.5.2), it is enough to
show that Sub(A) is U-small.

If A has a generator G: For any subobject (B, t) of A, we claim that (B,¢) injects to the image
of 1, : Homa(G, B) — Homu(G, A), i.e. (B,t) injects to Im(tx) € P(Hom4(G, A)). To show
this, let (Bi,¢1) and (Ba,t2) be two subobjects of A such that Im(z1,) = Im(ce,). Since ¢; and
t2 are monomorphisms, ¢1, and tg, are injective and thus Hom 4(G, B1) = Im(14) = Im(e14) =
Hom 4 (G, B2).

Since A is abelian, let (B x4 B2,pB,,pB,) be the pullback induced from the morphisms ¢; and
t2. Due to Homy (G, ) being left exact as seen in (2.4.9), we have the isomorphisms in ABy:
Homu(G, By x4 Bz) & Homa(G, B1) XHom 4(c,4) Homa(G, B2) = Homu(G, B1) XHom(G,4)
Hom 4 (G, By), with the final object being the fiber product induced by ¢1, twice, and with final
isomorphism due to Hom4(G, B1) = Homy(G, Bz). Furthermore, since Hom (G, B1) XHom 4 (G, A)
Hom 4 (G, By) is isomorphic to Hom 4(G, By) due to ¢1. being injective, we have Hom 4(G, B1 X 4
Bj) = Hom (G, B1) = Hom 4(G, Bz) induced by the mappings pp,« and pp,«.

Therefore, as Hom 4(G, -) is conservative since G is a generator, we have that pp, and pp, are
isomorphisms, and therefore By = By. Implying that (Bj, 1) and (Bs,t2) are the same objects.

Therefore, we have an injection of subobjects of A to elements of P(Hom4(G, A)), which is a
U-set. We thus have that Sub(A) bijects to a U-subset of P(Hom4(G, A)), and thus Sub(A) is
U-small.

If A has a cogenerator C: This follows directly from applying the above argument to A°P which
would now have a generator C. Due to duality, Sub(A4) in A would be in bijection to Quot(A) in
A°P, which is U-small due to the above argument. O

Lemma (Generators and Cogenerators) (11.3.1.4 [Mor20]), (4.4.2 [Sch21]): Let A be an
abelian U-category that contains all A/-small indexed coproducts, then for an object G in A, the
following are equivalent:

(i) G is a generator of A.

(ii) For all objects A of A, there exists an I € U, such that there exists an epimorphism
ag e G — A

(iii) Homa(G, -) : A — ABy is a faithful functor.

Analogously, if A instead is an abelian U-category that contains all ¢/-small indexed products,
then for an object C' in A, the following dual statements are also equivalent:

(iv) C is a cogenerator of A.

(v) For all objects A of A, there exists an I € U, such that there exists a monomorphism
apg: A=l C.

(vi) Homu(-,C) : A°? — AByy is a faithful functor.
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Proof: Due to duality, it is enough to prove the first three equivalences, as the last three
equivalences can be derived by applying the first three equivalences on A°P.

For (i) implies (ii): Let A be any object in A. There exists a bijection of U-sets:

¢ : Homggy, (Hom 4 (G, A), Hom 4 (G, A)) — Homy ( H G, A) )
(G,4)

i€Hom 4

given by the function f : Hom4 (G, A) — Hom4(G, A) being mapped to ¢(f) : [Lictom 4(c,a) G —
A, which is determined by the morphisms (f (i) : G — A);cHom 4(¢,4) and the universal property of
Hz‘eHomA(G,A) G. ¢ has the inverse mapping v which maps g : HiEHomA(G’,A) G — A, determined
and induced uniquely by the morphisms (g; : G — A)icHom 4(c,4), to ¥(g) : Homa(G, A) —
Hom (G, A), which maps i — (g; : G — A).

The identity idgom 4y @ Homa(G,A) — Hom(G,A) maps to ¢(iduom ,(c,a))
[Lictomac,a) G — A We claim that the left composition (idgom (@ 4))«
Hom a(G, [ictiom 4(¢,2) G) — Homu(G,A), ¢ = ¢(idnom,(q,4)) © g is surjective. Let h €
Hom4(G, A), then since ¢(idpom ,(@,4)) is the morphism induced from the collection of mor-
phisms (4)icHom 4(G,4), define ¢, € Homa(G, [L;ctom , (c,4) G) as the inclusion to [T;cnom (¢,4) G
on the h-component. Then we have ¢(idgom 4(,4)) © th = h. Thus ©(idpem 4(@,4))« is surjective.

Using (3.2.5(a)) gives us that aa = ¢(idaom 4(c,4)) * Hictiom 4(¢,4) G — A is an epimorphism,
whereby I = Hom (G, A) € U.

For (ii) implies (iii): For two objects A and B in A, we want to show that the
group homomorphism induced from Hom4(G, ), i.e. Homa(G, )ap : Homu(A,B) —
Hom 4 (Hom4(G, A),Homu(G, B)), f — f«, is injective by showing that it has a trivial ker-
nel i.e. fi = Opom 4(G,A),Hom 4 (G,B) implies f =04 5.

Let f : A — B be a morphism in A such that f, : Homa(G,A) — Homu(G, B) is the
zero morphism. There exists an index set I € U and an epimorphism ay : [[,c;G — A
which is uniquely induced by the morphisms (a4; : G — A);er. For all i € I we then have
foas =04 p0oas =0¢gp. Thisimplies f oay =04 poay and since oy is an epimorphism
(i.e. right composition o is injective), we have that f =04 p. Thus Hom4(G, -) is faithful.

For (iii) implies (i): Since Homu (G, _) is left exact due to (2.4.9), the claim follows due to
(3.2.4(a)). O

3.2.8 Examples (Generators) (II.3.1.2(2) [Mor20]): Now that we have equivalent characterizations
of generators and cogenerators in abelian U-categories, we can immediately find some examples:

(a) Let R be a U-ring, then R is a generator in gpMoDy as a U-left-R-module. For every
U-left- R-module M, we have a morphism a4 : GBiGHomRMonM (o) BB = M induced by the
R-linear mappings (i : R - M )iEHomRMonu( R,M)- @ is an epimorphism as for all objects
m € M, there exists an R-linear mapping ¢ : R — M such that i(1g) = m and therefore
aa(1g;) = i(1r) = m, for 1g; being the multiplicative unit on the i-component. Thus, R
fulfills condition (3.2.7(ii)).

Analogously due to duality and (1.3.9), we have that R is a generator of MOD gy,.

(b) Z is a generator in ABy with the help of (3.2.8(a)), since every abelian U-group has the
same structure as a U-left-Z-module.

3.2.9 Lemma (Projective Generators and Injective Cogenerators) (II.3.1.5 [Mor20]): Let A
be an abelian U-category that contains all /-small indexed coproducts, then for an object G in
A, the following are equivalent:

(i) G is a projective generator of A.

(ii) Hom4(G, -) : A — ABy is a faithful and exact functor.
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3.2.10

(iii) G is projective and for every nonzero object A in A, there exists a nonzero morphism

aA:G%A.

Analogously, if A instead is an abelian U-category that contains all ¢/-small indexed products,
then for an object C' in A, the following dual statements are also equivalent:

(iv) C is an injective cogenerator of A.
(v) Homu(_,C) : A°? — ABy is a faithful and exact functor.

(vi) C is injective and for every nonzero object A in A, there exists a nonzero morphism
ag:A—C.

Proof: Due to duality, it is enough to prove the first three equivalences, as the last three
equivalences can be derived by applying the first three equivalences on A°P.

For (i) equivalent to (ii): G being projective is per definition equivalent to Hom4(G, ) being
exact. G being a generator is equivalent to Hom 4(G, -) being faithful due to (3.2.7). In summary,
G being a projective generator is equivalent to Hom4 (G, -) being faithful and exact.

For (i) implies (iii): We already have that G is projective. Let A be a nonzero object in A, then
14 # 04,4 due to (2.1.3). Thus we have that (14)s = idgom 4(@,4) : Homu(G, A) — Homy(G, A)
is not the zero morphism as Hom4 (G, -) is faithful. This implies that Hom4(G, A) is a nonzero
object of ABy due to (2.1.3). Thus, there exists a nonzero morphism a4 € Hom4(G, A).

For (iii) implies (ii): We already have that Hom 4 (G, -) is exact as G is projective. Let f : A — B
be a nonzero morphism in A, i.e. f # 04 p, then we want to show that f, : Homu(G, A) —
Hom 4 (G, B) is a nonzero morphism.

Since f is a nonzero morphism, Im(f) is a nonzero object (as the cokernel would otherwise be B).
Thus due to (iii), there exists a nonzero morphism sy : G — Im(f). Using the decomposition
in (2.2.5), we split f = ¢ op, whereby p =uyot;: A — Im(f) which is an epimorphism (as a
composition of two epimorphisms), and ¢ = vy : Im(f) — B which is a monomorphism. Since G
is projective and p is an epimorphism, we can use (3.1.2(b)) on G, p and ayy (), which implies
that there exists a morphism h : G — A in A such that p o h = agy (). Then we have:

fe(h) = foh=1opoh =10 amsy.

Since apy(y) is nonzero, we have Ker(apys)) 2 G and since ¢ is a monomorphism, through
universal properties it follows that Ker(. o army(f)) = Ker(amm(f)) 2 G and thus fi(h) = ¢ o ammy)
is nonzero. As f, is nonzero, the mapping f — f, is injective and thus Hom 4(G, ) is faithful. O

Example (Projective Generators) (I1.3.1.2(4) [Mor20]): Let C be a U-small category and R
be a U-ring. Then since RMODy, is a U-category, we have that PSH(C, R) is a U-category due to
(1.3.4(b)). Furthermore, since pRMODy; contains U-small colimits due to (1.5.12(b)), PSH(C, R)
also contains U-small colimits. As RMODy, is an abelian U-category, we have that PSH(C, R) is
an abelian U-category due to (2.3.2(c)).

Let C' be an object in C. We then define the presheaf of U-left-R-modules on C, denoted by
R(©) | as the presheaf (_) o Home(_, C') in PSH(C, R), where (_) is the free functor from (1.3.7(a)).
Therefore there exists a presheaf [[ccop(c) R(©) in PSH(C, R) that maps every object A in C

to the U-left-R-module Pccop ey (Home (4, C)). We claim that [Tocob(c) R©) is a projective
generator in PSH(C, R).

Explanation: Let F' be any presheaf in PSH(C, R). Due to (1.5.10) and the forgetful functor
For : ABy — SETy commuting with U-small limits due to (1.5.17(a)), we have a group

isomorphism HomPSH(C,R)(HCeOb(C) R©), F) = HCeOb(C) HompSH(c’R)(R(C), F).

For the forgetful functor For : pMoDy — SETy, we also have the adjunction ((.),For)
due to (1.3.7(a)), and therefore since R©) = () o hg, we then have the bijection
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HCeOb(C) HOIHPSH(CJ%)(R(C), F)= HCeOb(C) HompSH(C’SETu)(hC, ForF') as sets. With the help of
the Yoneda lemma from (1.4.5), we then have the bijection [Iccone) Hompsy(e,sery,) (hc,ForF) =
[Tecone) F'C as sets. By explicit calculation, it can be shown that composing the bijections

above gives us a group isomorphism Hompgy(c,r)(Ilccob(c) RO F) = [Icecob(e) FC-

Due to the functoriality of limits and colimits and due to the construction of the previous group
isomorphism [[ccon(c) Hompsu(ce,r) (RO F) = [Iccone) F'C, we have that this isomorphism
extends into a natural transformation of functors from PSH(C, R) to ABy:

HomPSH(C,R)( 11 R(C),) =~ I oOc

CEe0b(C) Ce0b(C)

Since [Teeob(e)(-)C is clearly a faithful functor due to how natural transformations between
presheaves are constructed, we see that Hompgyc, ) (Ilccob(c) R(©) | ) is faithful. We also claim
that [Jocon(e)(-)C is an exact functor: For a natural transformation u : F' — G in PSH(C, R), we
have that the kernel and cokernel of u are determined object-wise, as seen in (2.3.2(c)). Therefore
for any object C in C, we have the corresponding kernel and cokernel morphisms Ker(uC) — FC
and GC' — Coker(uC'). These morphisms altogether commute with the product in [[eeob(e)(-)C
due to the fact that group-theoretic kernels and cokernels coincide with category-theoretic kernels
and cokernels, as seen in (2.2.2). The exactness of [[ocop(c)(-)C then follows from (2.4.8),

which also implies the exactness of Hompgy(c, R)(HC’eOb(C) R©) ).

Since Hompgy(c, r) (Llccob(c) R(©) ) is a faithful and exact functor, [cecobe R(©) is a projective
generator in PSH(C, R) as claimed due to (3.2.9).

Embedding Theorems

Let A be an abelian U-category.

3.3.1

3.3.2

Motivation (Embedding Theorems): In order to embed U-small subcategories of A into
a category of modules, which is the goal of Mitchell’s embedding theorem, a sensible approach
would be to choose an object G such that the additive left exact functor Hom4 (G, -) : A — ABy
fulfills certain properties e.g. faithfulness or exactness. Then we would restrict Hom 4 (G, _) onto
subcategories of A.

After fixing an object G, we define R = Hom 4 (G, G) to be the endomorphisms on G, which defines
a U-ring with respect to the usual addition and multiplication given by composition. We can define
for all objects W in A a U-right- R-module structure on Hom 4(G, W) with the multiplication
Hom4(G,W) x R — Hom4(G, W) given by f-r = f or. Due to the bilinearity of composition
as well as its associativity, the U-right- R-module structure is obvious. Since it is clear that for a
morphism f: A — B in A, we have an R-linear mapping f, : Hom4(G, A) — Hom4(G, B), we
have a functor Hom’} (G, ) : A — MoDpy (with R made explicit in our notation).

Lemma (Exact Inclusions) (A.4.4(d)(i) [Mor20]): Let B be a full #/-small subcategory of
A with the following property: For all finite diagrams D : Z — A such that Di € Ob(B) for all
i € Ob(Z), all possible limits and colimit objects and morphisms limz D, colimzD are in B (we
denote this as a property of B, that B is stable under finite limits and colimits of A). We then
have that B is an abelian U-category and that the inclusion functor ¢ : B — A is exact.

Proof: For B being an abelian U/-category: B is pre-additive, because for all objects B and C' in
B we have Homp(B, C') = Hom 4 (B, C) since B is a full i{-subcategory of A. Homp(B, C) retains
the abelian U-group structure of Hom 4(B, C) and analogously the composition o is still bilinear.

Since all finite limits and colimits exist in A due to (2.3.5), finite biproducts, kernels and
cokernels must all exist in B, as limits and colimits of finite diagrams as seen in Section 1.5
and Section 2.2. Thus due to (2.2.5), every morphism f : B — C' in B has the decomposition

t
AL Coim(f) 2y Im(f) %5 B in A such that us is an isomorphism. Due to the properties of
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B, the same decomposition exists in B such that u is an isomorphism in B. This makes B an
abelian U-category.

For ¢ being exact: The inclusion functor ¢ is clearly an additive functor and is exact due to kernels
and cokernels in B and A coinciding with each other and (2.4.8). ]

Lemma (Embedding Theorems) (A.4.4(d)(ii),(iii) [Mor20]): Let B be a full ¢-small sub-
category of A that is stable under finite limits and colimits of A and let G be a generator of
A (i.e. such a generator GG exists in A). For every object A in A, we have an epimorphism
a4t ietiom 4(c,4) G — A induced by the components (4);ctom 4(c,4) due to (3.2.7).

We define H = ][ gcon(s) [ictom 4(c,3) G and define the morphism Sp : H — B for every object
B in B as induced by ap on the B-component and zero morphisms for every other component
C € Ob(B), C # B. Then let S = Hom4(H, H) be the U-ring of endomorphisms, as defined in
(3.3.1).

(a) Hom3(H, ) : A — MODgy is faithful and if G is projective, then Hom® (H, ) is exact.

(b) If G is projective, Hom%(H, )|s : B — MoDgy, which is the restriction of Hom%(H, ) :
A — MoDgy, onto B, is fully faithful and exact.

Proof: For (a): Due to the universal property of coproducts, we have that every morphism
f+ H — W in A is uniquely induced by a collection of morphisms which are elements of
[1sconB) Hictiom (¢, Homa(G, W). This induces a natural isomorphism between Hom 4(H, -)
and [ geobs) [lictom 4 (c,3) Homa(G, -). Since G is a generator, Hom4(G, -) is faithful due to
(3.2.4(a)), as a consequence []pcon(s) HleHomA(G p)yHom (G, ) is also faithful and Hom 4 (H, -)
is faithful. Tt follows directly that Hom%j(H, ) is faithful.

If G is projective, then H is projective due to (3.1.5) and therefore Hom 4(H, -) : A — ABy is
exact. It follows directly that Hom3 (H, ) is also exact.

For (b): Since Hom® (H, ) is faithful and exact due to (a) and since Hom*(H, )|5 is a restriction

of Hom?%\(H, ), it is clear that Hom? (H, _)|5 is also faithful and exact.

We have to show that Homi(H , )| is full, i.e. for any two objects B and C in B and for any
S-linear morphism f : Homi(H, B) — Homi(H, () (a morphism in MODgy,), there must exist
a morphism g : B — C in B such that g, = f.

Due to ap and a¢ being epimorphisms, it is easily shown that Sg : H — B and ¢ : H — C' are
epimorphisms. Therefore the upper row of the following diagram is exact since Homi(H ,_) is
exact due to (a):

OHHomAHC’ %S

fope.] /

Then due to (3.1.4) we have that S is projective, implying the existence of an S-linear mapping
v : 8 — S such that the above diagram commutes. Since v is S-linear, it is fully characterized by
the mapping 1y — u € S, implying that u, = v.

We claim that there exists a morphism g : B — C in B such that the diagram:

OHKGI‘(,BB)LHBHBHBBHO

d o]

H—C—0

commutes, whereby the rows are exact. It is enough to show that S¢ o uoip = Oger(gy),0 since
Bp is the cokernel of ¢p, therefore it is enough to show that (Scouotp). = Box 0 Uy 0 Ly is the
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zero morphism since Homi(H , ) is faithful. We have Bcy o usx = By 0o v = f o Bp. and thus

Box 0 Ui 0 tpx = [ 0 Bpx 0 LBe = Oger(ay.) HomS, (H,B):

since Bp o tp is the zero morphism. ¢ is a morphism in A and automatically also a morphism in
B since B is a full U-subcategory of A.

In particular since g4 0 Bpsx = Bosx © Ux = Box 0 v = f o BB, we have that g, = f since S, is an
epimorphism (as fp is an epimorphism in A). O

3.4 Grothendieck Abelian Categories
Let U be a Grothendieck universe and A be an abelian U-category.

3.4.1 Definition (Grothendieck Abelian Categories) (I1.3.2.1 [Mor20]): A is a Grothendieck
abelian U-category if:

(i) A has a generator G.
(ii) All U-small colimits exist in A.
(iii) For a U-small filtered category Z, the colimit functor colimz : Func(Z, A) — A is exact.

Importantly, it can be shown with difficulty that a Grothendieck abelian U/-category has all
U-small limits, see ([NCa21b]).

3.4.2 Examples (Grothendieck Abelian Categories) (I1.3.2.2(1) [Mor20]): We have already
proven that for a U-ring R, RM0ODy; and MODpg, are Grothendieck abelian U-categories. They
have a generator R due to (3.2.8(a)), they contain all #/-small colimits due to (1.5.12(b)), and
colimz : Func(Z, A) — A is exact for all U-small and filtered categories Z due to (2.4.12).

The following lemma gives a criterion for injective objects in Grothendieck abelian U-categories, where
less conditions have to be checked as compared to (3.1.2(a)). It generalizes the Baer criterion used in
categories of modules ([NCa2lal).

3.4.3 Lemma (Criterion for Injectives) (079G [JC21]), (I1.3.2.3 [Mor20]): Let A be a
Grothendieck abelian U-category with a generator G. Then an object I in A is injective if
and only if for all monomorphisms f : A — G and morphisms u : A — I in A, there exists an
i: G — I (not necessarily unique) so that i o f = u, i.e. the following diagram commutes:

Proof: For forward implication: This implication has already been shown in (3.1.2(a)) with
particular monomorphisms f : A — G in A instead of monomorphisms f: A — B in A.

For backward implication: It is enough to show that the condition in (3.1.2(a)) is fulfilled for all
monomorphisms f : A — B and morphisms v : A — I in A. Let C be the set:

C ={(B1,u1, f1,u1 : Bt — I)|(Bi1,11) € Sub(B), (A, f1) € Sub(B1),u =ui o f1}/ ~,

defined with the following equivalence relation: (Bi,t1, f1,u1) ~ (Ba,t2, fa,uz2) if and only if
(B1,t1) and (Bag,t2) are the same subobjects via an isomorphism ¢ : By — Ba, and (A, f1) and
(A, fa) are the same subobjects, and u; = ug 0, fo = @ o fi. It is easy to check that this defines
an equivalence relation.
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(%) Then for any two elements (Bi,t1, f1,u1) and (Ba, t2, fo,u2) in C, we define the order relation:
(Bi,t1, fi,u1) < (Ba,ta, fo,us) if and only if By C Bsg, i.e. there exists a monomorphism
t1,2 1 B1 = By with 11 = 190112, and fa = 112 0 f1 and furthermore u; = ug o 11 2. It is easy to
check that this defines a well-defined order relation on the equivalence classes.

We want to show that C' has a maximal element and since we are operating in an extension
of Zermelo-Fraenkel set theory with the axiom of choice, we can use Zorn’s lemma as seen in
([Bell5]). Thus, it would be enough to show that every totally-ordered subset, i.e. chain K C C,
has an upper bound in C. Let K = {(Bm,tm, fm,Um) € C}lmenm be a nonempty chain of C' (the
case K = () is trivial), which makes { By, }men a totally-ordered collection of subobjects of A
due to (2.5.3). Due to (3.2.6), we have that { By, }menr is U-small and thus M € U.

We define the inclusion functor D : M — A whereby M is the U-small category with elements
{ B }men as objects and the subobject monomorphisms { ¢y, 5 }m,nen,B,,c B, being the morphisms
of M. Since A is a Grothendieck abelian U-category, the colimit (B, (¢, : By, — B')menr) exists
in A. Furthermore, it is clear that (¢, : By — B)men and (ty, @ By — I)menr define D-cocones
and thus there exists canonical morphisms ¢/ : B’ — B, v/ : B — I induced by the colimits. We
define f': A — B’ as f' =), o f, for any m € M, this is independent of the choice of m € M,
since for By, C By, we have f' =], 0 f, =1, 0 tmn © frmn = L1, © fim.

Since (tm)menm consists of monomorphisms in A and since we have ¢, =/ o), for all m € M,
(¢! )mem must be monomorphisms and thus (B, )men are subobjects of B/, A € Sub(B’) also as
A C B, C B’ for any m € M. This also implies that f' = ¢/, o f,, is a monomorphism for all
m € M since ¢, and f,,, are monomorphisms.

As M is the category induced by a totally-ordered set { By, }menr, it is clearly U-small filtered
and thus colimys : FuNCc(M, A) — A is an exact functor that sends monomorphisms to
monomorphisms due to (2.4.8). Since the morphisms (¢, : By, — B)menm define a natural
monomorphism v between D and A(B) within Hompyeoas,4) (D, A(B)), we have that colim v =
¢/ is a monomorphism and B’ is a subobject of B. Since v’ o f' =u' o), o fi, =t 0 fr, = u for
any m € M, we therefore have (B',/, f',u') € C, which is an upper bound of K.

Let (B”,.”, f”,4") be a maximal element of C, we then claim that the monomorphism .’ : B” — B
is an isomorphism. Assume that ¢” is not an isomorphism, then since G is a generator, it follows
due to (3.2.5) that the left composition is ¢ : Hom 4(G, B”) — Hom4 (G, B) is not a bijection
(as it cannot be a surjection and it is already an injection). There must exist a nonzero morphism
¢ : G — B that does not factor through (”, implying that Im(p) is not a subobject of B”.
Let X = B” NIm(y) as a subobject of B and B” with the monomorphisms ¢ : X — B and
V" : X — B”. Let Y = X xp G be the fiber product with projections px and pg induced from
o and Y. We have the cartesian diagram:

Y G
pxl J@
X B
whereby 1 being a monomorphism implies that pg is a monomorphism due to (2.6.3(a)), thus Y

is a subobject of G. We then set ¢’ =px :Y — X and let g =u" 09" o/ : Y — I. Then due
to our original condition, there exists an i : G — I such that the diagram:

PG
—
(4
—

)

OHYLG
lg/
I 7

commutes. Since Ker(y) is a subobject of Y (due to pg being a monomorphism and pullback
properties) and since Ker(y) is a subobject of Ker(g) (due to pullback properties), we have

?
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3.4.6

Ker(y) C Ker(g) C Ker(i). Therefore Ker(p) — G % T is the zero morphism, which induces
a morphism A : Im(¢) — I as Im(yp) is the cokernel of Ker(p) — G. We then have the
commutativity of the diagram:

Clearly restricting h and «” onto X = B” NIm(y) gives us the same morphism and thus due
to (2.6.4), there must exist a morphism 7 : B” UIm(p) — I that extends both h and u”, and
since Im(¢p) is not a subobject of B”, B” is a nontrivial subobject of B” UIm(y), which is still a
subobject of B. v and B” UIm(p) together clearly define an element of C' which is larger than
(B"”,/", f”,4") in our order relation, which is a contradiction to its maximality.

Since ¢ : B” — B is an isomorphism, we choose ¢t = u” o /' : B — I. Due to (B",.”, ", u")
being maximal in C, we have (A, f,14,u) < (B”,/”, f”,u") which implies f =" o f” due to the
definition of the order relation in (x) (in that context we can directly read ¢; 2 = f” from the
equalities). It then follows that:

LOf=u”OL”*lOf:u”oz,”*lobllof”:u"of”:u,
and therefore I fulfills the condition from (3.1.2(a)). O

Definitions (Well-Ordered Sets and Cofinalities) (IL.3.2.5 [Mor20]):

(a) A set I is well-ordered if it is a totally-ordered set such that every subset J C I has a
well-defined smallest element.

(b) Let I be a well-ordered set. A subset J C I is cofinal if for every ¢ € I there exists an
element j € J so that i < j. Furthermore, the cofinality of I is the smallest cardinality of
all the cofinal subsets of I.

Lemma (Cofinalities) (I1.3.2.6 [Mor20]): Let I be a U-small set, then there exists a well-
ordered U-small set v, whose elements we call ordinals and whose cofinality is strictly greater
than the cardinality of I.

Proof: See reference. (I

Lemma (Enough Injectives) (079H [JC21]), (I1.3.2.4 [Mor20]): A Grothendieck abelian
U-category A has enough injectives. More precisely, there exists a functor I : A — A and a
natural transformation ¢ : 14 — I in FUNC(A, A) such that for all objects A in A, A is an
injective object and tA : A — I A is a monomorphism.

Proof: Let G be a generator of A and A be an object of A. The objects
[ pesun(c) U rettom(3.4) B and [ pesune) Hrenom (5,4) G exist in A as they are U-small in-
dexed coproducts. This is because the set of subobjects Sub(G) is U-small due to (3.2.6), and
furthermore for all B € Sub(G), we have that Hom 4(B, A) is a U-set due to (1.2.5(a)).

We define a morphism ¢ : [[gegun(@) I fetom.(B,4) B = L pesun@) L fetiom4(8,4) G as follows:
For any subobject (B,tp) € Sub(G) with the corresponding monomorphism g : B — G,

we define a morphism v : B — Ilpesun() setom(,a) G induced by the morphisms
(LB : B — G)fEHomA(B,A) U (OB,G)B’ESub(G),B’;éB,fEHomA(B’,A)' We then induce the mor-

phism ¢ from the morphisms (/5 : B — HBeSub(G) HfEHom(B7A) G)B€Sub(g)’f€HomA(B’A). We
also define a : [Ipesun(@) [l fetiom 4(B,4) B — A as the morphism induced by the morphisms
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(f : B — A)Besub(@),feHom 4 (B,4)- Then we define the object pA and the morphisms ¢4 and b
as the pushout in the following diagram in A:

Hesub(c) L rettom 4(8,4) B — A

/| l

HBeSub(G) HfEHomA(B,A) G L A

The existence of this pushout is guaranteed due to (2.3.5) since A is an abelian U-category.

We then define a functor ¢ : A — A through an object mapping A — @A. Since our construction
of ¢ is induced by a colimit functor, the mapping A — @A canonically extends to a functorial one
through colimit morphisms. As ¢ is induced from monomorphisms, it is itself a monomorphism
and as we have a cocartesian square above, we have that 4 : A — @A is also a monomorphism
due to (2.6.3(d)). Thus, the natural transformation ¢ : 14 — ¢ defined by the morphisms
(pa: A= 9A)acob(a) is @ monomorphism due to (1.3.4(a)).

Since Sub(QG) is U-small due to (3.2.6), there exists a well-ordered U-small set v such that + has
a cofinality strictly greater than the cardinality of Sub(G) due to (3.4.5). As ~ is well-ordered, ~y
contains a minimum element which we label as 0. Furthermore, there exists an ordinal o €

such that the subset y7<, C v of ordinals lesser or equal to o has a cardinality strictly greater
than the cofinality of Sub(G).

We will use transfinite induction on ~, beginning at 0 and ending at «, to recursively define
functors pg : A — A for 8 € 7<q, with ¢g = 1 4. Furthermore, we define natural transformations
Vg, 8 1 P8 — Pp, Whereby B1,82 € V<a, 81 < P2, with 955 being the identity on ¢g for
B € vY<q. For every time we increase the ordinal of 8 € v<,, we also claim that for all
ordinals 81 < By < B3 < B in v<a, V5,8, : ¥8 — B, is & monomorphism and we have

V85,85 © V1,8s = Vg, Bs-

For transfinite induction, base case: We have ¢g = 14 and g0 : 14 — 14 as the identity. We
then define @1 = ¢, Y01 =¥ : 14 — 1 with 11 : ¢1 = 1 being the identity. We know that
10,0 and g 1 and 11,1 are monomorphisms. It is also easy to check that g, g, 0 V3, g, = V3, 8,
for all ordinals 0 < 81 < 9 < 3 < 1.

For transfinite induction, successor ordinals: If 3+ 1 € <, is a successor ordinal to 8 € y<,, i.e.
B +11is the minimum of the subset v~ 3 C v of ordinals greater than 3. We set ¢3,1 = popg and
for all 81 < 8 we set g, g11 = ¢ 0 Yg, g, with 9541 g41 being the identity on wgy1. Yg41,8+1
is clearly a monomorphism, and since ¢ and v, 3 are monomorphisms due to the induction
hypothesis, 93, 341 must also be a monomorphism. With the induction hypothesis, it is clear
that 13, g, is a monomorphism for all 31 < 2 < 3 + 1. The equality g, g, © Vg, 8, = V3, g, is
true for the ordinals 51 < 82 < 83 < B due to the induction hypothesis, the equality also trivially
clear if g1 = 8 + 1, the remaining cases 3 = 8 + 1, 82 = 8 + 1 follow from the definitions and
the associativity of composition.

For transfinite induction, limit ordinals: Standard induction is not enough, we may not yet be
able to reach the ordinal o and construct ¢, and 1,. To resolve this, let 8 € v<, be a limit
ordinal, which are ordinals that we cannot obtain from smaller ordinals 51 < 8 by recursively
applying successor ordinals. We then define Z. 3 as the {/-small category whose objects are the
subset v<3 C v of ordinals lesser than 3, and for two objects 81, 82 in Zg, we have a morphism
t: 1 — Boif and only if 81 < f2. T is thus clearly a U-small category as v is U-small. Due to
the induction hypothesis and our construction of ¢, g,, we have that D.g : Z.g — FUNC(A, A),
b1+ gy, (L2 1 = Pa2) — ¥s, 5, forms a functor.

As A contains all ¢-small colimits, we have that FUNC(A, A) contains all ¢-small colimits due to
(I.5.3.1 [Mor20]), we then define ¢g = colimz_,Dp : A — A and define ¢, 5 : g, — g as the
corresponding morphisms from the colimit cone. Thus, the equalities v, g, © ¥, 8, = g, g, for
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all ordinals 51 < B9 < B3 < 8 follow from the induction hypothesis and from the properties of the
colimit cone. Since filtered U-small colimits are exact in A, they must also be exact in FUNC(A, A)
due to how kernels and cokernels in FUNC(A, A) can be found object-wise. Since Z.g is a U-small
filtered category, we then have that colimz_, maps monomorphisms to monomorphisms. For
the natural transformation Eg, : A(pg,) = D<g given via the monomorphisms (¥3, 5, : ¢35, —
8062)526013(1<ﬂ), we have that Ejg, is a monomorphism and thus colimz_, Eg, : pp, — ¢pis a
monomorphism. colimz_, E, coincides with ¢, s due to the construction of the colimit functor
and thus v, 3 is a monomorphism. With 13 3 being the identity, we then have that all morphisms
Y, g, for 1, B2 < B are monomorphisms.

For definition of I and properties: We then set I = ¢, : A — A as our desired functor, for which
we have already shown that the mappings (1A = 19 aA : A — I A) gcob(4) are monomorphisms.
We still have to show that IA is injective for all objects A in A. To do this, let A be a fixed
object in A and let f : C — G be any monomorphism and u : C — IA be any morphism
in A, due to (3.4.3) it suffices to show that there exists ¢ : G — I A such that io f = w.
Since I A can be described as the colimit of a diagram from Z<, to A and since Sub(C') injects
into Sub(G), we have with (I1.3.2.7 [Mor20]) that v : C — I A factors into two morphisms
v:C = pgA, Yg oA pgA — I A with u =g ,Aowv for an ordinal 8 < a.. Due to the definition
of popgA =g 1A as a pushout, we have that v is part of the morphisms that induce a in the
following diagram:

Hsesune) L etoma(Bpsa) B —— @34

L\L l%BA

HBGSub(G) HfGHomA(B,apﬁA) G g SO,B—HA
and thus since the diagram commutes, there exists a v’ : G — ¢g11A that induces b such that v’
extends @p,4 0v: C — i1 A, with respect to the monomorphism f : C' — G. Since v’ extends
Pz ©v, we have that i = 11440 v G — TA extends u = g ,A0v =1Yg11aA0Qpa00
with respect to f : C' — G. Thus, we have i o f = u and I A is injective for all objects A in A as
claimed and A has enough injectives. O

Lemma (Injective Cogenerators) (I1.3.2.8 [Mor20]): A Grothendieck abelian U-category A
has an injective cogenerator.

Proof: Since A has U-small limits and due to (3.2.9), it suffices to show that there exists
an injective object I in A such that for every nonzero object A in A, there exists a nonzero
morphism ay : A — I. With G as a generator of A, we have that Sub(G) is U-small due to
(8.2.6), therefore we have an object C' = [[gcgun() G/B in A, where G/B are the cokernels of
monomorphisms f : B — G. As constructed in (3.4.6), there exists a canonical monomorphism
t: C — IC with IC being an injective object.

We claim that IC' is also a cogenerator. As G is a generator, we have that Hom4 (G, -) is faithful
with the help of (3.2.4). For any nonzero object A in A, we have that 14 # 04 4 due to (2.1.3),
implying that (14). : Hom4(G, A) — Hom4(G, A) is nonzero due to Hom 4(G, -) being faithful.
Therefore Hom4(G, A) is not a trivial group and there exists a nonzero morphism f4 : G — A.
This implies that Coim(fa) = G/Ker(fa) is a nonzero object in A, which implies that C' is a
nonzero object.

fa : G — A induces a nonzero monomorphism g4 : Coim(f4) = G/Ker(fa) - A due to the
decomposition as seen in (2.3.1). Due to the construction of C' as a coproduct, there exists a
nonzero morphism ¢ /ker(s,) : G/Ker(fa) — C. Since A has enough injectives due to (3.4.6),
there exists a nonzero monomorphism (C : C' — IC, which makes .C o tq/ker(s,) * G/Ker(fa) —
IC a nonzero morphism. g4 and tC' o tq/Ker(f,) 8ive us a morphism ay : A — IC such that
a0 ga=1Coig/Ker(f,) due to (3.1.2(a)) as IC is injective. Since g4 and tC' o tg/Ker(s,) aTe
nonzero, a4 is also nonzero, otherwise a4 = 04 ;¢ would imply that a4 0 ga = 1C o 1 [Ker(f4) 18
a zero morphism, which is a contradiction. Thus the claim follows from (3.2.9).
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3.4.8 Lemma (Modules have Enough Injectives and Projectives) (II.3.2.9 [Mor20]): Let R
be a U-ring. The abelian U-categories pRMODy; and MODg;, have enough injective and projective
objects.

Proof: Due to (1.3.9), it is enough to prove the lemma for pRMODy,.

For enough injectives: Due to (3.4.2), we have that pRMoODy, is a Grothendieck abelian U-category
and thus due to (3.4.6), we have that FMODy, has enough injectives.

For enough projectives: We claim that all free modules, i.e. modules with a basis, in pRMODy
are projective. Let P be any free module, then P is isomorphic to P = ,; R for an index set

I €U. Due to (3.1.3(b)), it suffices to show that any exact sequence 0 — A ENY; N Dicr R—0
in RMoDy, splits. We must find a morphism A : @,; R — B such that goh = 1@ R+ Since
iel

g is an R-linear epimorphism due to (2.4.2(b)), there exists a collection of elements (b;);cs in
B such that g(b;) = 1; with 1; as the multiplicative unit 1; on the i-coordinate of @;c; R. We
then define h : @;c; R — B as the R-linear mapping generated from the mappings h(1;) = b; for
i € I. Then it is clear that go h = 1@1_6[ r and therefore P is projective.

For any module M in pMODy, we define Py = @,,c)s & as the free module on M which
is projective. We then have the epimorphism @p; : Pyy — M generated from the mappings
orm (1) =m for m € M. Therefore, RMOD;; has enough projectives. O

4 Sheaves and their Generalizations

We can now study sheaves and generalize them in more detail. Although it is valuable to study sheaves
on topological spaces and how sheafification and separation is constructed for such sheaves, as seen in
(IT1.1 [Mor20]), Mitchell’s embedding theorem requires the generalization of sheaves on Grothendieck
pretopologies and how sheafification works on such sheaves, as seen in (II1.2 [Mor20]). Let U be a
Grothendieck universe.

4.1 Introduction to Sheaves

4.1.1 Definitions (Concrete and Good Concrete Categories) (1.19 [B621]), (0073 [JC21]):
Let D be a U-category with a so-called forgetful functor For : D — SETy. D, together with For,
is called a concrete U-category, if:

(i) For is faithful.

D, together with For, is furthermore called a good concrete U-category, if it is a concrete U-category
and:

(ii) For is conservative.

(iii) D has all Y-small limits and For commutes with these limits.

(iv) D has all U-small filtered colimits and For commutes with these filtered colimits.
4.1.2 Examples (Good Concrete Categories):

(a) Many U-categories we have encountered whose objects are “sets with extra structure” are
concrete U-categories, e.g. RNGy, RMoODy for a U-ring R.

(b) SETy with the identity functor For : SET;y — SET, is clearly a good concrete U-category.

(¢) For a U-ring R, the categories RMODy; and MOD g with their respective forgetful functors
are good concrete categories. (4.1.1(i)) follows since morphisms in RMoODy and MOD gy
are uniquely identified by their underlying functions. (4.1.1(ii)) follows since every module
homomorphism that is a bijection must be a module isomorphism. (4.1.1(iii)) and (4.1.1(iv))
follow from (1.5.12) and (1.5.17).
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(d) Analogously to pRMoODy; and MODpyy, the U-categories ABy and VECky for a U-field K
and RNGy, are also good concrete UU-categories.

4.1.3 Lemma (Identifying Morphisms with Underlying Functions) (1.19 [B621]): Let D,
together with For, be a good concrete Uf-category. For a morphism f : A — B in D, we have that f
is a monomorphism (respectively epimorphism, isomorphism) if and only if For(f) : ForA — ForB
is a monomorphism (respectively epimorphism, isomorphism).

Proof: For backward implication: F' clearly reflects isomorphisms as it is conservative. F is also
faithful and thus reflects monomorphisms and epimorphisms due to (3.2.3).

For forward implication: If f : A — B is an isomorphism in D, it must have an inverse morphism
g : B — A that fulfills go f = 14 and f o g = 1p, this implies For(g) o For(f) = 1p,a and
For(f) o For(g) = 1porp. Therefore, For(f) is also an isomorphism.

Let f: A — B be a monomorphism in D, then we claim that the left composition (For(f)), :
Homgyy,, (W, ForA) — Homgyy,, (W, ForB), g — For(f) o g is injective for all U-sets W. Let
(A xp A,p1,p2) be the pullback of the morphism f: A — B applied twice, with the projection
morphisms pi,ps : A xp A — A, this pullback is contained in D as a U-small limit. As For
commutes with -small limits, we have that (For(A xpg A), For(p;), For(p2)) is the pullback of
For(f) : ForA — ForB applied twice. Thus, for any two morphisms g,h : W — ForA in SETy
such that For(f) o g = For(f) o h, there must exist a morphism « : W — For(A xp A) such
that h = For(p1) o @ = For(p2) o @« = g due to the universal property of pullbacks. This makes
(For(f))« injective for all U-sets W and thus For(f) is a monomorphism, i.e. injective.

Let f: A — B be an epimorphism in D, then we claim that the right composition (For(f))* :
Homggr,, (ForB, W) — Homggy,, (ForA, W), h — h o For(f) is injective for all U-sets W. Let
(B U4 B,t1,t2) be the pushout of the morphism f : A — B applied twice, with the inclusion
morphisms ¢1,t9 : B — B U4 B, this pushout is contained in D as a filtered U/-small colimit. As
For commutes with such colimits, we have that (For(B L4 B),For(t1),For(tz)) is the pushout of
For(f) : ForA — ForB applied twice. Thus, for any two morphisms g,h : ForB — W in SETy
such that g o For(f) = h o For(f), there must exist a morphism « : For(B Uy B) — W such
that h = a o For(t1) = a o For(t2) = g due to the universal property of pushouts. This makes
(For(f))* injective for all U-sets W and thus For(f) is an epimorphism, i.e. surjective. O

4.1.4 Notes (Useful Notations): We will simplify some notation:

(a) Let (X,7) be a U-topological space and let D be a U-category. Then we simplify our
notation from (1.4.1) with PSH(OPEN(X), D) = PSH(X, D) and PSH(OPEN(X), SETy) =
PSH(OPEN(X)) = PSH(X). For a U-ring R, we often write PSH(X, pMoDy/) = PSH(X, R).

Unless otherwise stated, for the rest of Section 4, D, together with a forgetful functor For : D — SETy,,
will be a good concrete U-category.

(b) Following our motivating example for presheaves in (1.4.3(b)), we use the following notation
for a presheaf F' in PSH(X, D). For an inclusion morphism ¢ : U — V in OPEN(X) and
s € ForF'V, as ForF'V is a set, we write s|y for the image (For(#))(s) € ForFU.

(c) Since For is faithful, any morphism f : A — B in D can be uniquely identified with the
function For(f) : ForA — ForB,a +— (For(f))(a) in SETy. We will, with an abuse of
notation, often refer to and define f : A — B in D indirectly as a function between sets
in this sense and write a € A and a — f(a) instead of a € ForA and a — (For(f))(a).
This abuse of notation, along with (4.1.3), lets us identify monomorphisms, epimorphisms
and isomorphisms f in D with monomorphisms, epimorphisms and isomorphisms For(f) in
SETy.

4.1.5 Motivation (Sheaves): For the U-topologies (X, 7) and (Y,n), we saw the following presheaf
from (1.4.3(b)): C' : OPEN(X)°P — SET;, defined through U-sets of continuous functions C(U,Y).
A useful property is that for all U-open covers U = (U;)icr of U (ie. I €U, U = J;c; Ui and
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Ui € 7 for all i € I), a continuous function f € C(U,Y) bijects with (f|v,)ier € {(si)icr €
(C(Ui,Y))ier| For all i, 5 € It si|ly,nu; = sjlu,nu, }- That is to say f separates injectively into its
restrictions (f|v,)ier, and also (f|v,)ier glues back to f uniquely from its restrictions (f|v,)icr, as
these restrictions agree on all intersections U; N U;. We generalize these two notions of separating
and gluing categorically to define sheaves and separated presheaves.

4.1.6 Definitions (Sheaves on Topological Spaces) (III.1.1 [Mor20]): Let (X, 7) be a U-topological
space. Then a presheaf F' in PSH(X, D) is a D-valued separated presheaf on X if for every U € T
and every U-open cover i = (U;);er of U, it follows that:

(i) Separation: The separation map tyy : FU — [l;er FUi, s — (s|y,)icr, induced by the
morphisms (F; : FU — FUj;);er, is a monomorphism.

Furthermore, F' is a D-valued sheaf on X if it is a D-valued separated presheaf on X and if for
every U € 7 and every U-open cover U = (U;);cr of U, we have:

(ii) Gluing: For the morphisms fuu,guy @ [Licf FUi — Il ver F'(Ui N Uy) in D, whereby
fus: (si)ier = (silvinu, )igrer and gug @ (8i)ier = (sirlu;nu, )iiver, the canonical morphism
wy : FU = Eq(fuy, guy), induced by ¢y g from (i), is an epimorphism.

4.1.7 Note (Equivalent Definitions): In (4.1.6), it is easy to check that (i) is also equivalent to
wy : FU — Eq(fuy, guy) being a monomorphism. Thus (i) and (ii) together is equivalent to
wy : FU — Eq(fuy, guy) being an isomorphism.

We often write Hy (U, F') = Eq(fu.y, gu,u), which has an underlying set that is equal or bijects to:

{(Si)iel S HFUZ| For all i,i/ el: 5i|UZﬂUi/ = Si/’UiﬁUi/} .
i€l

4.1.8 Definitions (Categories of Sheaves on Topological Spaces): Let (X, 7) be a U-topological
space. Then SH(OPEN(X), D) = SH(X, D) is the category of D-valued sheaves on X. Furthermore
we write SH(OPEN(X), SETy) = SH(OPEN(X)) = SH(X), and for a U-ring R, we often write
SH(X, RMoDy) = SH(X, R). These categories are full subcategories of their presheaf counterparts
from (4.1.4(a)).

4.2 Sheaves on Grothendieck Pretopologies

We want to generalize sheaves on a topological space so that we can construct sheaves out of presheaves
where the domain category is not always OPEN(X) for a U-topology X, to do this we define Grothendieck
pretopologies. Let U be a Grothendieck universe, let C be a U-category such that C contains all fiber
products and let D be a good concrete U-category with the forgetful functor For : D — SET,.

4.2.1 Definition (Grothendieck Pretopologies) (III.2.1.1 [Mor20]), ([NCa2lc]): A U-
Grothendieck pretopology T on C, written (C,T), contains the following information: Every
object U € Ob(C) has at least one corresponding U-collection of morphisms U = (u; : U; — U);erp,
I € U, called a covering family of U. These covering families altogether fulfill the following
properties:

(i) Base Changes: If B = (vj : V; = V)jes is a covering family and f : U — V' is a morphism
in C, then with the fiber product V; xy U induced from v; : V; — V and change of base
f:U =V for each j € J, the projections py ; : V; xyy U — U of the fiber products form a
covering family f*U = (py; : V; xy U — U)jeg of U.

(ii) Compositions: If sb = (u; : Uy — U);er is a covering family of U and if L; = (usj : Usj —
Ui)ie, is a covering family of U; for all i € I, then so is &' = (u; o uy; : Uyj — U)icr jey, a
covering family of U.

(iii) Isomorphisms: If f: U — V is an isomorphism, U = (f : U — V) is a covering family of V.
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4.2.2

4.2.3

4.2.4

4.2.5

4.2.6

Definitions (Sheaves on Grothendieck Pretopologies) (II1.2.1.5 [Mor20]): For a U-
Grothendieck pretopology 7 on C, F is a D-valued presheaf on (C,T) if it is an object of
PSu((C,7),D) = PSu(C, D) as defined in (1.4.1). F' is called a D-valued separated presheaf on
(C,T) if for every covering family ${ = (u; : U; — U);es of every object U in C, the following
applies:

(i) Separation: The separation map tyy : FU — [[;e; F'Ui, s — (F'ui(s))ier, induced by the
morphisms (Fu; : FU — FU;)er, is a monomorphism.

Furthermore, F' is a D-valued sheaf on (C,7T) if it is a D-valued separated presheaf on (C,T) and
for every covering family ${ = (u; : U; — U);es of every object U in C, we have also:

(ii) Gluing: A covering family (u; : U; — U);es induces the covering families uj,i = (py,, ; :
U; xy Uy — Uyr)ieq of Uy, where the change of base uy : Uy — U is used, for all i/ € I. Then
for the morphisms fy s, gus : [Licr FUi — [ ver (Ui xu Uir) in D, whereby fuu((si)ier) =
(Fpu,.ir(si))iirer and guu((si)ier) = (Fpu, i(sir))iier, the canonical morphism tyy : FU —
Eq(fuy, guy), induced by ¢y g from (i), is an epimorphism.

Note (Equivalent Definitions) (II1.2.2.4 [Mor20]): In (4.2.2), it is easy to check that (i) is
also equivalent to ¢y : FU — Eq(fuy, gu,u) being a monomorphism. Thus (i) and (ii) together
is equivalent to tpy : FU — Eq(fuy, guy) being an isomorphism.

We often write Hy (U, F') = Eq(fu, gu,u), which has an underlying set that is equal or bijects to:

{(Si)z‘el € [[FUi| For all i,i' € I : (Fpy,(si))iiver = (FpUi/,i(Si’))i,i’el} :
1€l

Definitions (Categories of Sheaves on Grothendieck Pretopologies): For a U-
Grothendieck pretopology (C,7), we denote SH((C,T), D) as the category of D-valued sheaves
on (C,T) as a full subcategory of PSu((C,7T), D). We also write SH((C,T), SETy) = SH((C,T)).
For a U-ring R, we also write SH((C, T ), gMoDy) = SH((C,T), R), which is a full subcategory of
PSu((C,T),R).

Note (Grothendieck Pretopologies): As stated before, U-Grothendieck pretopologies are
a generalization of the categories OPEN(X) for a U-topological space (X, 7). OPEN(X) has a
canonical U-Grothendieck pretopology structure 7, whereby the covering families of an object
U in OPEN(X) are precisely the inclusion morphisms i = (¢; : U; — U);er whereby (U;);er is a
U-open cover of U. Then it is clear that for all 7,7’ € I, we have U; xy Uy = U; N Uy in terms of
U-sets. Furthermore, the two categories SH(X, D) and SH((OPEN(X), T ), D) have a canonical
category-isomorphism to each other.

Definitions (Categories of Covering Families):

(a) Categories of Covering Families (II1.2.2.1 [Mor20]): Let (C,T) be a U-Grothendieck
pretopology and let U and V' be objects in C. Let 8 = (u; : Uy = U)ier and Y = (v; :
Vj — V)jes be covering families of U and V respectively. A morphism of covering families
f Y — U consists of an index mapping f: I — J, a morphism f : U — V in C and a
collection of morphisms (f; : U; — Vg(;))ier in C, such that for every i € I, the following
diagram commutes:

U; L Vf(i)

uzl lvf(i)
f

U—V

A simple calculation with commutative diagrams shows that the compositions of two
morphisms of covering families f : 4l — U and g : U — W, given with the index mapping
g o f, morphism go f : U — W and family of morphisms (gg;y o fi : Ui = Weof(s))icr, is @
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morphism of covering families. These morphisms, along with the covering families as objects,
form the U-category of covering families in (C,T), denoted by Cov(C,T). Cov(C,T) is
a U-category, as collections of morphisms between covering families 4 of U and U of V
biject to subsets of HfEHomc(U,V),feHomsETu(I,J) [Licy Home (Ui, Vggiy), which is a U-set due to
(I.1.3(v) [Mor20]) and (I.1.3(viii) [Mor20]).

(b) Induced Morphisms on Hy (U, F) and Hy (U, F) (I11.2.2.4 [Mor20]): For a U-
Grothendieck pretopology (C,T), let F be a presheaf in PSH((C, T'), D). For objects U and V/
in C with the covering families 4 = (u; : U; = U)jcr and B = (v : V; = V) ey, let f: U =T
be a morphism in Cov(C,7T). f consists of the information f: I — J, f: U — V in C and
(fi : Ui = Vi))ier in C. We then induce a mapping fy : Hy (U, F') — Hy (U, F) through
(Sj)je] € Hy (U, F) C HjEJ FV; with the mapping (Sj)je] — (FfZ(Sf(l)))ze[ € [Lier FU;.

We claim that f is well-defined, i.e. that (Ffi(sgs)))ier € Hu (4, F). Let ujsh = (pu, i :
U; xu Uy — Uy )icr be a covering family for Uy for all i’ € I, where the change of base
uy 2 Uy — U is used. Let v},0 = (pv}/,j : Vixy Vi — Vjr)jer be a covering family for Vj: for
all j* € J, where the change of base vjs : Vjy — V is used. Observe that the commutativity
of the left diagram implies the existence of f;; in the right diagram, which also commutes:

pu; i fi
Ui xy Uy —> Uy —— Vi)

PU;, i lul
Ut

3

Uy —U VE(i)

fir \
1}(.‘(1'/)

Vin 1%

Applying F to the above diagrams, and thus inverting the arrows, gives us:
Fpu,i (Ffi(sta))) = F fii (Fpvg, g0 (St1)))

Due to (sj)jcs € Hv (U, F') we have that Fp‘/fu),f(i/)(Sf(i)) = Fp‘/f(i/)’f‘(i)(Sf‘(il)), thus:

= Ffio(Fpvg, 1) (s80))))
= Fpu, i(F fu(sgur))-
Thus we have (Ffi(sg;)))ier € Hu (U, F) and that fz is a well-defined morphism in D.

4.2.7 Lemma (Covering Families) (III.2.2.7 [Mor20]): Let (C,T) be a U-Grothendieck pretopology
and F' be a presheaf in PSH((C,T), D). For the objects U and V in C, let f,g : s — U be
morphisms in Cov(C, T) for the covering families & = (u; : Uy — U)jecr and B = (vj : V; = V)jey,
such that f and g have the following information and conditions: f,g: 1 — J, f=¢:U — V in
C and (fi,gi : Ui — Vg))ier in C. Then fy = gy : Hy (U, F) — Hy (44, F') as morphisms in D.

Proof: We want to show that for any (s;)jecs € Hv (U, F) C [[;c; F'V; we have Ffi(sgs)) =
Fgi(sg(;) foralli € I. Let i € I, since the first diagram below commutes, ; exists in the second
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diagram below such that the second diagram commutes:

fi
Ui Vi) ‘
Vv Ve 5,
9i U V(4) gi fi) 2V V(i) — V(i)
\ PV (sy£(4) ‘ Vf(4)
v Vg (i) V. Vg(i)
g(i) |4 gy — >V

Applying F to the above diagrams, and thus inverting the arrows, gives us:

Ffi(sti) = Foi(Fpvy, e (580)))

Due to (sj)jcs € Hv (U, F'), we have that vaf(i)7g(i)(8f(i)) = vag(i)f(i)(sg(i)), thus:

= Foi(Fpv,, 1) (5g)),
= Fgi(sg(i))-

Thus the claim follows. O

4.2.8 Definition (Categories of Covering Families of U) (III.2.2.2 [Mor20]): Let (C,7) be
a U-Grothendieck pretopology with an object U in C. The U-category of covering families
of U Cov(U) is the category where covering families of U, & = (u; : U; — U);er, are the
objects. A morphism in Cov(U) between two covering families U = (u; : U; — U);er and
W= (u), : U, — U)yep is given as a morphism of covering families f : 4 — ', as seen in
(4.2.6(a)), with the extra condition that the corresponding morphism f : U — U in C is the

identity 1y. It is clear to see that composition works and that Cov(U) is a U-subcategory of
Cov(C,T).

4.2.9 Definition (Reduced Categories of Covering Families of U) (II1.2.2.2 [Mor20]): For
a U-Grothendieck pretopology (C,7) and an object U in C, we define the category Cov®(U)
as the reduced U-category of covering families of U. Cov®(U) contains the same objects as
Cov(U), i.e. covering families of U, however, for any two objects £ and ' in Cov®(U), there
exists at most one morphism g g : 4 — &' in Cov®(U). If Homcoy ) (4, &) is empty, then
Homg o1y (U, &) is empty, if Homeoy () (U, £1') is nonempty, then Homg 0 (£, ') contains

exactly one morphism, labeled ¢y : 4 — &', It is easy to calculate that COVO(U) defines a
U-category. If such a morphism ¢y g exists, we say that il is a refinement of LI’

4.2.10 Notes (Reduced Categories of Covering Families of U) (ITI.2.2.7 [Mor20]): Let (C,T)
be a U-Grothendieck pretopology and U be an object in C.

(a)

(b)

There exists a canonical functor ¢ : Cov(U) — Cov®(U) which maps objects to themselves
and sends any morphism f : { — ¢’ in Cov(U) to the unique morphism @y g : 4 — ' in
CovO(U).

Cov?(U)P is a filtered U-category, to show this we prove the conditions in (1.5.14):
For (1.5.14(i)): Cov®(U)°P is not empty as U has the trivial covering family & = (1 :

U—U).
For (1.5.14(ii)): For any two covering families & = (u; : U; — U)jer and Y = (vy :

Uy — U)yep of U, observe the change of base u}, : U’y — U on U for all i’ € I, i.e.
wh = (puri = Ui xu Uy = Uit )ier- w41 is a covering family of U, for all i’ € I’. Then
compose the covering families (u'}40)ycp with S = (ul, : U/, — U)yep to get a new covering
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4.2.11

family 0 = (v : U ¥y Ui’, — U)ier.ver whereby 1; = ufi, opyr ;= Ui o py, - It is clear
that the morphism py = 1y : U — U, with the projection py; : IxI' = I onto I and the
projection morphisms (py, i : Ui xu U}y = Uj)icr,irer, defines a morphism py : 0 — 4 in
Cov(U). Analogously, we define py : U — ', which gives us morphisms (py)°P : U — U
and (py)°P : &' — U in Cov®(U)P as claimed.

For (1.5.14(iii)): This is obviously fulfilled due to Hom 0 7)0p (U, U') being either a sin-
gleton or empty for all open covers {4 and &I’

(c) For a presheaf F' in PSH((C,T),D), there exists a functor Hy (., F) : Cov(U)® — D
whereby Hp (-, F') maps covering families 4 to Hy (U, F). Hy(-, F) maps morphisms of
covering families f : 4 — U in Cov(U) to fy : Hy(W, F) — Hy (U, F), as seen in (4.2.6(b)).
It is easy to check that Hy (-, F') is a functor due to the functoriality of F', and the definition
of morphisms of covering families.

Due to (4.2.7), for any two morphisms f,g : & — ' in Cov(U), we have that fy = gy.
Thus, Hy (-, F) factorizes through Cov®(U), i.e. Hy (-, F) : Cov®(U)° — D, defined with
the mappings U — Hy (4, F) and (g )P — fy for any f: 4 — ' in Cov(U), is well-
defined and functorial. Furthermore, Hy (-, F') : Cov(U)°P — D is the same functor as ¢°P :
Cov(U)°? — Cov®(U)°P from (4.2.10(a)) in composition with Hy (_, F) : Cov®(U)°P — D.
In future contexts, Hy (-, F) will denote the functor from Cov®(U)°P.

Note (U-Small Covering Families): In order to define separation and sheafification functors,
we will not only require a U-Grothendieck pretopology (C,7), but also require that for all objects
U in C, the categories Cov(U) and Cov®(U) are U-small. We denote this property of (C,7T) as
(C,T) being a U-Grothendieck pretopology with U-small covering families.

Our previous example of a U-Grothendieck pretopology in (4.2.5) clearly fulfills this condition.

From now on, (C,7) will always denote a U-Grothendieck pretopology with ¢-small covering families.

4.2.12 Definition (Separation Functors) (IIL.2.2.6, II1.2.2.9 [Mor20]): We define a functor

(0)*P : PSH((C,T),D) — PSH((C,T), D) as follows:

For object mapping of (_)*P: Let F' be a presheaf in PSH((C,T),D) and for every object U in
C, let F5PU = colimCOVo(U)opHU(,, F) be an object in D. This colimit exists as D is a good
concrete U-category and thus D has all U-small filtered colimits.

For any morphism f : U — V in C, we have a functor fooy : Cov?(V) — Cov®(U) which
maps objects U — f*U as the change of base induced by f, fcov maps morphisms ¢g g in
Cov?(V) to @peg e in Cov(U). With U = (v; : V; = V)jes and ' = (v} : V), = V)jre,
the existence of oy r+qr is proven as follows: The existence of g 9 implies that there exists
a morphism g : ¥ — ¥’ in Cov(V) with morphisms g : J — J" and (g; : V; — Vg/(j))jej. It is
easy to check that for all j € J, the fiber product (V; xy U, pij,ij) induced from f and v;
and the fiber product (Vé( 5 xv U, p&g( i) p&,g,m) induced from f and v’g( ;) induces a morphism

/

[f9; Vi xy U — Vg’(j) xv U, since vy,

o g; = v; and since the following diagram commutes:

Vj Xy U
\Q*Qj
/
Vg(j
gj °Pv;
P

It is easy to check that f*g : f*0 — f*%', given by f'g = g : J — J' and the morphisms
(f*gj: Vi xy U — Vg/(j) xy U)jey, forms a morphism in Cov(U), implying that ¢ p«q peqp exists.
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The functoriality of fcoy is also clear. Thus, we have a functor Hy (_, F)o fob. Cov?(V)P — D
that maps objects U — Hy (f*U, F) and morphisms @g a7 — gy, for any g : f*% — f*%’ in
Cov(U).

For any covering family 0 = (v; : V; = V),cs in Cov?(V), we have the canonical morphism of
covering families fy : f*0 — U in Cov(C,T) given by f : U — V, the identity f=1id; : J — J
and the projection morphisms (py;, : V; xy U — Vj)je;. This morphism fy : f*0% — U
induces a morphism fyy, : Hy (U, F) — Hy(f*0, F), (s)jes = (Fpy;(s)))jes as defined in
(4.2.6(b)). We claim that these morphisms (fuw)yeob(cov®(v)er) induce a natural transformation
up : Hy (o F) = Hu(o, F) o fr, and to prove this, it is enough to show that the following
diagram commutes for all morphisms ¢ : 20 — 0’ in Cov(V):

Ho (0, F) 2% 2, (0, F)

Q’Hl l(f*g)“rt

fon

Hy (U, F) — Hu(f*0, F)

With U = (v; : V; = V)jes and U = (v}, : V), = V)jicp and the projection morphisms
(pv; : V; xv U = Vj)jes and (p/V.’, Vi xy U = Vj))jrey we have for all (sj)jes € Hv (T, F):
J

(f 9w o foru((si)jer) = (f*9)u (va, (s51)jre0')s
= ((Ff*ngpvém)( g()))ie

The fiber product diagram () with F' applied, gives us that:

= ((Fpv, Fyg;)(sg(;)))jer;
= faor o gu((sj)jer)-

This natural transformation uy : Hy (., F) — Hy(- F) o f&, then induces a morphism
colimeg 0y yoptey ¢ cOlimegyo(yyenHy (o, F) — colimegyo(y e Hu (- F) © [P, due to the col-
imit being a functor due to (1.5.7). Furthermore, the colimit cocone associated with
colimgyo(rryep Hu (-, F') contains a cocone from Hy (-, F) o feo, to colimgyogryer Hu (-, F), this
is due to the fact that the image of Hy (-, F') o fb, is a subgraph of the image of Hy (-, F). Due
to the colimit property, this induces a canonical morphism vy : colime, 0y Ho (-, F7) © [y —
colimCOVo(U)opHU(,, F). We define F5P f : FSPV — FSPU as vy o colim 0y yop -

We claim that F*°P defines a presheaf in PSH((C,T), D). Firstly, F*°P maps identities 14 in (C,7)
to themselves, as u;, and vy, in the above construction must be identities. Secondly, for two
morphisms f: U — V, g:V — W in C, it can be checked that (g o f)cov = fcovgcoy and that
for all covering families 20 in W, we have that fg-quy © gany : Hw (20, F') — Hy (f*(¢*W), F), is
the same as (go f)agy : Hw (0, F) — Hy((go f)*2W, F'). Then using the functoriality of colimits,
that colimits commute with each other, as seen in (1.5.4.1 [Mor20]), and the constructions of uy,
Ug, Ugor and vy, we have that:

. . . 1se : op
colim g0 (yyopf © Vg © COM 0 (1yyop g © PV — cothOVo(V)op”HU(,, F)o foo.

and colimg,0(pyyepUgos + F5PW — colimego(pyyep Hu (-, F') © (feRvgcoy), composed with the
colimit morphism colim0yyyor Hu (-, F') © (fER gdey) — colimeg o o(vyer Hu (- F) © fooy, &
the same morphism. Essentially vy, defined through colimits, in the former morphism has
been shifted to the end in the latter morphism, which does not affect anything. Applying
vy o colimCOVo(V)op”HU( F)o feb, — F*PU to both morphisms implies that F5P(go f) =
FSeP f o FSeP g,
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4.2.13

For morphism mapping of (_)*P: Let u : F' — G be a natural transformation in PSH((C,T), D)
given by the morphisms (uU : FU — GU)yeob(c)- For all objects U in C and all covering families
il of U, it can be shown that wU induces a morphism uUyy : Hy (U, F) = Hy (U, G), (8i)icr —
(uU;(s;))icr- These morphisms induce a natural transformation uU g : Hy (-, F) — Hu(, G).
We then define ©5PU = colimCOvo(U)opuU}L : [3°PU — G®*°PU. For a morphism f: U — V in C,
it is clear that the left diagram below must commute for all covering families U of V', implying
the commutativity of the right diagram below:

Hy (D, F) 225 H (/9. F) - Hy (L F) =5 Ho(LF) o &,
uVmHl \LuUf*Q]H UVZH\L \L’UAU:H [} fggv

Hor (T, Q) 225 Hu (F0,G) Hy(LG) —5 Hy(L,G)o 2,

Y

Applying colimCOvo(V)op onto the right diagram above gives the commutativity of the left diagram
below, which implies the commutativity of the right diagram below. This is because the horizontal
morphisms on the left diagram below can be extended into F5P f and G f through the help of
the morphisms vy and the universal properties of colimits:

colimegyo (yyoptf

. Op sep
PPy ——— COhchVO(V)opHU(—a F)o faov Fsery prsep(]
usopvl li lCOHmUOWVWPUU 10 fooy usep‘/l JuSGPU
CO. 1m(;ovo (V)op uf . op sep
Gsery ————— COthOVO(V)op?"lU(f7 G)o Cov GsepY) —s” ey

)

Therefore, u*°P is a natural transformation.

We claim that (_)°*P maps identities to identities, i.e. for all presheaves F' in PSH((C,T), D), the
identity transformation 1z will be mapped to 1gser, due to the following: For all objects U in
C and all covering families il of U, we have that 1pUyy = 13,y r) is the identity morphism,
therefore as (1p)*PU = colime 0 (gryon 134y, (), We have that (1)%PU = 1psery.

Let u: F'— G and v : G — H be natural transformations in PSH((C,T"), D). Then for all objects
U in C and covering families 4 of U, we have that (v o u)Uyy = vUypy o uUyy : Hy (U, F) —
Hy (U, H) and therefore (v o u)**PU = v*PU o v**PU due to the functoriality of colimits. We
therefore have (v o u)%P = 3P o 5P,

Altogether we have defined a functor (_)**P : PSH((C,T),D) — PSH((C,T), D), which we call a
separation functor.

Definition (Separation Morphisms) (II1.2.2.9 [Mor20]): Let F' be a presheaf in
PSH((C,T),D) and let U be an object in C. We know that F*PU = colimgqyo(iryer Hu (-, F),
with the accompanying colimit morphisms (¢p g : Hy (U, F) — FPU )ueOb(Covo(U)): forms a
filtered colimit due to (4.2.10(b)). We then define the morphisms ¢ (F)y : FU — F*PU in D
as ¢y y o tyy for any covering family 4 of U, with g : FU — Hy (U, F') from (4.2.3). Note
that due to the properties of the colimit cocone F*PU and ¢ g, we have that this definition of
Y(F)y does not depend on the choice of the covering family 4 of U.

For natural transformation ¢(F) : F' — F*P: We claim that the morphisms (¢ (F)v)yeob(c) cre-
ate a natural transformation ¢(F) : F — F*P in PSH((C,T), D). For a morphism f:U — V in
C, a covering family U of V' and the covering family f*U of U, we have:

Y(F)yo Ff = ¢y sowpsoFf,
= Qu,f+u © fon o Lvy,
=F*Pfodyygoiyyg =FPfoy(F)y,

with (g from (4.2.3) and fyy from (4.2.12).
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4.2.14

For natural transformation v : 1pgy(c,7),p) — (-)*P: Our definition of o (F') for all presheaves

F can be extended further into a natural transformation v : Ipgy(c,7).p) — (-)*P of functors in
Func(PSH((C,T),D),PSH((C,T),D)). We define ¢ by the collection of natural transformations
(Y(F) : F = F5P) peonpsu((c,7),p))- Lo show that this is a well-defined transformation, we must
show that for all natural transformations u : F — G in PSH((C,T), D), and for all objects U in
C, the following diagram commutes:

Y(F)u
FU —— F®sePUJ

w| e
P(G)

Gu

GU — G*PU

For any covering family 4l of U, we have that ¢(F)y = ¢5,u o Lgvu and Y(G)y = gbgu o Lgﬁu (with
the defined morphisms ¢y g and ¢y, explicitly adding F' and G to avoid confusion). Then we
have:

uPU o p(F)y = u*PU o ¢5,u ) L{;u,
Due to the functoriality of colimits and the construction of (_)*P, we have:

G F
= ¢U,u oulUyp o Ly
Due to the construction of uUys, we have:

= ¢y oty oul = Y(G)y o ul.

Theorem (Sheafifications) (00WB [JC21]), (IT1.2.2.10 [Mor20]): Let F' be a presheaf in
PSH((C,T),D), then the following statements are true:

a) F%P is a separated presheaf.
b) If F' is a separated presheaf, then ¢(F) : F' — F*P is a monomorphism of presheaves.
(c) If F is a seperated presheaf, then F*P is a sheaf in SH((C,T), D).

(
(b)
)
(d) F*" = (F*P)*P is a sheaf in Su((C,T), D).
)
)

(e) If F'is a sheaf, then ¢/(F) : F — F*°P is an isomorphism of presheaves.

f) The composition of functors (_)" = (1)%P o ()P : PSH((C,T), D) — SH((C,T), D) defines
a sheafification functor and ¢/(F) = (F*P) o )(F) : F — F*" defines a natural trans-
formation from F to its sheafification F". (_)*" also induces a natural transformation

V' Ipgu(e,m).m) — (O™

Proof: For (a): Let U be an object of C and U = (u; : U; — U);er be a covering family of U, then
we claim that the separation map 75 @ F*PU — Hy (U, F*°P), induced by s = (F5Pu;(s))ier,
is a monomorphism, which is enough due to (4.2.3). To show this, let s, € F5PU such that
(F5Pu;(s))ier = (F5Pu;(t))icr, i-e. for all ¢ € I we have FPy;(s) = F*Pu,;(t) € F*PU;. Due to
the properties of filtration in SET;, as explained in (1.5.16), we can identify s and ¢ as elements
of the underlying sets:

For(F*PU) = ( 11 For(Hy (T, F))) /~

BeOb(Cov®(U)oP)

Therefore, there exists a covering family 2 = (wy : Wi — U)rex of U, with the refinement
f 20 — 4, such that s and t are represented by (s)kex and (tx)kex in Hy (20, F). Similarly
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for all ¢ € I, we can identify F®Pu;(s), F5Pu;(t) as elements of the underlying sets:

For(F5PU;) = ( 11 For(Hy, (84, F))) /~

uiEOb(COVO(Ui)Op)

Therefore for all ¢ € I, there exists a covering family U; = (vi; : Vi; — U;)jes;, with the
refinement g; : U; — w2, such that the equivalence classes F*Pu;(s) and F*Pu;(t) are both
represented by the same element (w; ;)jes, € Hu, (Ui, F).

Let L = [];cr Ji be an index set and let X = (u;ov;; : Vij — U)(i,j)EL be a covering family
of U, which exists due to (4.2.1(ii)). It can be easily checked that the morphisms of covering
families (g; : V; — w2W);ecr composed with (uy : ufW — W);er, as defined in (4.2.12), induce
a refinement h : X — 20U with the morphisms (h; ; = W, ;) © (9i)j)ijer, with the projection
PW,. ) P Waj) Xu Ui = W,(j)- 1t is clear that F5°Pu,;(s) is represented by (Fqui(j)(Sgi(j)))jE*]i
on u;2 and that we have (F(g:); © Fpw, ; (Sg,(5)))jes = Fhij(spj) on X. This implies
(wiyj)(m) = Fhi,j(sh(i,j)) for all (i,7) € L.

We then claim that (w; ;) er € Hu(X, F): For any two indices (i, ), (¢, ") € L, we define all
the corresponding fiber products and projections:

bv; ;i3

Virjr Xu Vi Vi

\ hi

PWy(i,5)54" 53"
Whir jry XU Whii,j) ——— Wh(ij)

pVi/’j/,’Lﬂj

pWh(i’,j’)vi*jl Wh(i,j)
hi,»j/ ’wh(i/,j/>

V;/,j/ —_— Wh(i’,j’) —_—> U

)

with ¢ being the induced morphism from the fiber product. When we apply F' to the above
diagram and invert the arrows, we get:

Fpvy jragWitgr) = Fpy, 050 Fhi g (sn ),
= Fp o Fpw, i (Sn(ir 31)):

Since (si)kex € Hu (20, F), we then have that:

=Fypo FpWh(iyj),i’,j’<3h(i,j))7
= Fpv, ;5 © Fhij(sngij) = Fpv, ;i 5 (wi)-

Therefore we have (w; ;)i jyer € Hu(X, F') as claimed.

We can use (1.5.16) again to see that s and t, represented by equivalence classes in For(F*PU),
are both represented by the same representative (w; ;)i jer € Hu (X, F'), which implies s = .
This implies that ¢f;§ is a monomorphism as claimed.

For (b): Due to (1.3.4(a)), it is enough to show that (F)y : FU — F*PU is a monomorphism
for any object U in C. Let s,t € FU, such that ¢(F)y(s) = ¢(F)y(t) € F5PU, then due to
the filtration in (1.5.16), there exists a covering family U = (v; : V; — U);ey of U, such that
Y(F)y(s) and ¢(F)y(t) have the same representative (wj)jes € Hy (U, F). Due to F being
separated, the separation map ty gy : FU — Hy (0, F) is a monomorphism due to (4.2.3) and
since (g (s) = ww(t) = (wj)jcs, we have s = t.

For (c): Let U be any object in C and U = (u; : U; — U);er be any covering family of U, then
we claim that the separation map ¢y : F*PU — Hy (4, F*°P) is an isomorphism, which is
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4.2.15

enough due to (4.2.3). Due to (a) we already have that ¢y is a monomorphism. It is therefore
enough to show that For(%e’i) is an epimorphism, as a function that is a monomorphism and
an epimorphism in SETy, (i.e. injective and surjective) is also an isomorphism (i.e. bijective),
implying that ¢y is an isomorphism. Let s = (s;)ier € Hy (U, F*P) with s; € F*PU; for all
i € I. For every i € I, s; is represented due to (1.5.16) by an element (w; ;) cs, € Hu, (Ui, F),
whereby U; = (vi; : Vij — U;)jey; is a covering family of U;. Like in (a) we define L = [];c; J;,
the covering family X = (u; ov;j : Vi j — U)(;j)er and combine the elements (w;;);ey, into
(wij)j)er € Hu(X, F). Due to (1.5.16), we have that (w; ;j)ier jeJ; is a representation of an
element w € F*PU.

We have then ;5 (w) = (wi)ier € Hu (U, F5P) with w; € F*PU;. Per construction we have
that w; is represented by (w; ;)jes, € Hu, (s, F') which also represents s;, i.e. w; = s; and thus
i y(w) = s implies that 7y is an epimorphism and that F*°P is a sheaf.

For (d): Due to (a), F*P is a separated presheaf, due to (c) F*" = (F®°P)%P is a sheaf in
SH((C,T),D).

For (e): Due to (1.3.4(a)), it is enough to show that /(F)y : FU — F®°PU is an isomorphism
for all objects U in C. Due to (b), ¥(F)y is already a monomorphism and due to the same
argument involving SET;, as seen in (c), it is enough to show that For(y)(F)y) is an epimorphism.
Let s € F*°PU be an element represented by (s;)icr € Hy(U, F'), where 8 = (u; : Uy — U)ier
is a covering family of U and s; € FU; for all ¢ € I. Since F is a sheaf, the mapping tyy :
FU — Hy (4, F) is an isomorphism due to (4.2.3) and thus there exists w € FU such that
ws(w) = (si)ier- In (4.2.13) we defined the colimit morphism ¢y : Hy (U, F) — F5PU and it
is clear that ¢y yu((si)icr) = s, i.e. Yy(w) = dyy o wyu(w) = s. Thus Y(F)y is an epimorphism.

For (f): Due to (4.2.12) and (d), we know that ()" : PSu((C,T),D) — SH((C,T),D) is a

well-defined functor. Furthermore due to (4.2.13), we know that ¢ (F) : F' — F*P is a natural
transformation. Therefore, ¢/ (F) = 1(F*P) o )(F) : F — F*" is also a natural transformation.

Due to the construction of the natural transformation ¢ : I1pgy(c,7),p) — ()°P in (4.2.13), it is
clear that ¢/(_) = ¥((0)*P) o ¥(_) : 1psu(c,m),p) — ()™ is also a natural transformation. O

Corollary (Sheafifications) (II1.2.2.10 [Mor20]): Let G be a sheaf in SH((C,7),D) and
let v : FF — G be a morphism of presheaves, then there exists unique natural transformation
u' - F — G such that u = v/ o ¢/ (F), whereby ¢/(F) = ¢(F5P) o ¢)(F).

Proof: For construction of v: Due to (4.2.13) and (4.1.14(e)), we know that the following
diagrams commute:

(F) ¥ (F)
F—> Fs  F—> psh

— ('sep G — sh
Gw(G)G w’(G)G

)

Thus, using (4.1.14(e)) we have that ¢/(G) is an isomorphism and thus v’ = (¢/(G))™! o u™®
gives us the desired natural transformation.

For v’ being unique: Let u” : F*" — G be a morphism of presheaves such that u = u” o ¢/(F).
In order to show that u/ = u”, we must show that for all objects U in C, we have that for
the morphisms «'U,u"U : F*U — GU and an element s € F*'U, we have v/U(s) = u"U(s).
Since FSMU = (F"P)*PU is a filtered colimit of a filtered colimit, we apply (1.5.16) twice
to the underlying set of F sh{7 There exists a covering family 8 = (u; : Uy — U);er of U
such that there exists an element (s;)ier € Hy (L, F°P) that represents s, then for each i € I,
s; € F*PU; can be further represented by a (s;;)jes, € Hu (Ui, F) for a covering morphism
9\31' = (Ui,j : V;’j — Ui)jeJi of UZ Let L = Hie[ Jz and let X = (u, OVjj - V;,j — U)(i,j)eL be a
covering family of U, we then have (s; ;)i jyer € Hu(X, F) just as in the proof of (4.1.14(a)).
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4.2.16

4.2.17

Let (i,7) be an index in L, due to the filtered colimit structure of FS"V; ; given by (1.5.16), and
due to F™"(u; o v; ;) being constructed as a colimit morphism, it is clear that F™"(u; o v; ;)(s) =
Y'(F)v; ;(si;j). Therefore for all (4,7) € K, we have that:

G(ui 0 v j)u'U(s) = u'Vi; (F™ (u; 0 vi ) (s)) = u'Vijob (F)v,., (i),
= u"Vi i (F)v,; (si5) = G(ui o v j)u"U(s).

Due to G being a sheaf, which implies that GU = Hy (X, G), it is clear that the above equalities
imply that «'U(s) = «"U(s) and thus ' = u” as claimed. O

Corollary (Inclusions and Sheafifications are Adjoint) (II1.2.2.11 [Mor20]): We have
that the inclusion functor ¢ : SH((C,7),D) — PSH((C,T),D) and the sheafification functor
(1" PSH((C, T), D) — SH((C,T), D) form an adjoint pair ((_)*2,¢).

Proof: Let F be a D-valued presheaf on (C,T) and let G be a D-valued sheaf on (C,T). We
define the mapping v : Hompgy(c,7),p) (F; ¢ (G)) — HomSH((C,T),D)(FSh,G), (u: F—=G)—
(u': F** — @) as the induced natural transformation seen in (4.2.15). Furthermore, due to the
uniqueness of u’ as proven in (4.2.15), we have that the mapping tz ¢ : Homgy((c,7),p) (F*", Q) —
Hompgy((c,7),p) (F, t(G)), u' = v’ 04)/(F) is an inverse to vr,g and thus vg is an isomorphism
in SETy as it is bijective.

In order to check that there exists a natural isomorphism between Hompgy((c,1),p)(- ¢(-)) and
HomSH((cg—),D)((,)Sh, _),let a : E — F be a morphism of presheaves and b : G — H be a morphism
of sheaves, then for any morphism of presheaves u : F — G, we have that bouoa : E — H
maps to vg g(bouoa): ES" — H, whereby bouoa = vg g(bouoa)oy(E). However, for
vre(u) @ FS — G which fulfills u = veg(u) oy’ (F), we have that bouoa = bovg g(u)ot (F)oa =
(bovpg(u)oa™) oy/(E) due to ¢ being a natural transformation as seen in (4.1.14(e)). Due
to the uniqueness of vg g (bowu o a), we have vg g(bouoa) = bovpg(u)oa. This natural
isomorphism gives us the adjunction ((_)*",:) as claimed. O

Corollary (Limits and Colimits of Sheaves) (I11.2.2.13 [Mor20]): The following statements
apply:
(a) The inclusion functors PSu((C,T),D) — PSH((C,T)) and SH((C,T),D) — SH((C,T)),

induced by the forgetful functor For : D — SET;;, commute with /-small limits and U/-small
filtered colimits.

Now let D be a good concrete U-category that has all ¢/-small limits and colimits. Then the
following applies:

(b) SH((C,T),D) has all U-small limits and colimits.
(¢) The inclusion functor ¢ : SH((C,T),D) — PSH((C,T), D) commutes with all /-small limits.

(d) The sheafification functor (_)*" : PSu((C,T), D) — SH((C, T ), D) commutes with all A/-small
colimits as well as finite limits.

Proof: For (a): By definition of D being a good concrete U-category, D has an associated forgetful
functor For : D — SETy, that commutes with U/-small limits and U/-small filtered colimits. Since
limits and colimits in PSH((C, T'), D) and PSH((C, 7)) are determined object-wise due to (1.5.3.1
[Mor20]), we can determine if PSH((C,7T),D) — PSH((C,T)) commutes with ¢/-small limits and
U-small filtered colimits if For does this, which is the case. We apply same argument above but
with sheaves, which implies that the inclusion SH((C,7T),D) — SH((C,T)) also commutes with
U-small limits and U-small filtered colimits.

For PSH((C,T), D) having U-small limits and colimits: We already know that due to D having
all U-small limits and colimits and due to limits and colimits in PSH((C, 7)), D) being determined
object-wise, we have that PSH((C,T), D) has all U-small limits and colimits.
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For (b), U-small limits: In (4.2.12(%*)), we saw that for a morphism between presheaves u :
F — G in PSH((C,T),D) and for an object U in C with a covering family ${, we can induce a
morphism uUyy : Hy (U, F) — Hy (U, G). Tt is easy to check that these morphisms are functorial
in u, i.e. that for another morphism of presheaves v: G — H that vUyyy o uUyy = (v o u)Ugy.
Therefore, we can induce a functor Hy (U, ) : PSH((C,T),D) — D.

Let D :Z — SH((C,T),D) be a U-small diagram, then we know that a limit F' = limzD with its
limit cone exists in PSH((C,T), D). It is enough to show that F is a sheaf in SH((C, T), D) since
SH((C,T), D) is a full subcategory of PSH((C, T), D). For any object U in C with a covering family
i, we have the functor Hy (4, -) which maps presheaves to objects in D, that are defined through
equalizers, which are U-small limits. Since /-small limits commute with each other, as seen in
(I1.5.4.1 [Mor20]), we have that Hy (4, -) maps F' = limzD to Hy (U, F) = imzHy (L, D(2)).

As we saw in (4.2.3), it is enough to show that for every object U in C and for every covering family
il of U, we have that vy : FU — Hy (U, F') is an isomorphism. Since for every object i in Z, we
have that D(i) is a sheaf, we have that the separation morphisms of ¢f; ¢ : D(i)U — Hy (U, D(i))
are isomorphisms. These morphisms induce a natural isomorphism w : D())U — Hy (Y4, D(-))
between functors, which implies that the morphism limzu = gy : FU — Hy(LF) is an
isomorphism, due to (yy having an inverse morphism lim;cop(z) (u™1). Therefore F is a sheaf,
making F the limit of the diagram in SH((C,T),D) as well as PSH((C,T),D). SH((C,T),D)
therefore has all -small limits.

For (c): The above argument also directly shows that the inclusion functor ¢ commutes with all
U-small limits.

For (b), U-small colimits: For any U-small diagram D : Z — SH((C,T),D), we know that a

colimit F' = colimz D exists in PSH((C, T), D). We claim that the sheafification F*" is the limit
of the same diagram but in SH((C,T), D). We have the following natural transformations due to
the adjunction (()*",¢) from (4.2.16):

Homgy(c,7,p) (F*, -) = Hompgy(c,7),p) (F; 1()),

By generalizing the bijection from (1.5.10) into a natural isomorphism and by using the fact
that F' is a colimit, we have that:

= limje op(zory Hompgy (e, 7)) (DP (1), ¢(-)),

Due to sheaves forming a full subcategory of presheaves and due to the adjoint pair ((_)*", ) from
(4.2.16), we have:

= limy ¢ op(zor) Homgy (¢ 7y (D2 (4)™, ),
= HomSH((C,’T)) (COlimI((,)Sh e} D), ,).

Therefore with the help of the dual Yoneda lemma in (1.4.9), we can imply that F*" is the
colimit in SH((C,T), D) of the diagram D = (_)*? o D.

For (d), U-small colimits: For any diagram D : Z — PSH((C,T), D), we can still apply the same
arguments made in (b) to find that F*" = (colimz D) is the colimit of (1) o D in Su((C,T), D).
Therefore (_)*" commutes with ¢-small colimits.

For (d), finite limits: We claim that (_)**P commutes with finite limits, which would imply that
()" = (U)*P o ()P commutes with finite limits. Let U be an object in C and D : T —
PSu((C,7),D) be a finite diagram. Since limits of presheaves exist and are determined object-
wise, as seen in (I.5.8.1 [Mor20]), it is enough to show that (limz D)*PU = lim;cop ) (D*P(i)U).
We first claim that Hy (4, ) : PSH((C,T), D) — D commutes with finite limits for all covering
families 4 of U: This is clear as Hy (U, F') is constructed as a limit (specifically an equalizer) for
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all presheaves F', and due to the fact that limits commute with each other, as seen in (I.5.4.1
[Mor20]). Therefore we have:

lim;con(z) (D*P(i)U) = limcon() (colimCOvo(U)opHU(,, D(7))),

Due to finite limits and U-small filtered colimits being able to commute, as seen in (1.5.6.4
[Mor20]), we have that:

= colimueOb(Covo(U)OP) (hmIHU(uv D(*)))v
= colimyc o, (covo(yer) (Hu (4, limz D (L)),
— (limzD)*PU,

and the claim follows. (Il

Corollary (Categories of Sheaves are Abelian Categories) (II1.2.2.14 [Mor20]): Let
(C,T) be a U-small Grothendieck pretopology with U-small covering families and let R be a
U-ring, then the following applies:

(a) SH((C,T), R) is an abelian U-category.

(b) The inclusion functor ¢ : SH((C,T), R) — PSH((C,T), R) is left exact and the sheafification
functor (_)*" : PSH((C, T), R) — Su((C,T), R) is exact.

Proof: For (a): As seen in (2.3.2(c)), we know that PSH((C,T), R) is an abelian U-category
as gMoODy is an abelian U-category. Therefore, since SH((C,T), R) is a full subcategory of
PSH((C,T), R), we can define the addition of morphisms in SH((C, T), R) exactly like we do with
PSH((C,T), R), which clearly makes the composition o bilinear. Furthermore, it is clear that
finite biproducts and zero objects in SH((C,7), R) exist as SH((C, T ), R) contains all ¢-small
limits and U-small colimits due to (4.2.17(b)). This implies that SH((C,T), R) is an additive
U-category.

Since SH((C,T),R) contains all U-small limits and U-small colimits due to (4.2.17(b)),
SH((C,T), R) contains all kernels and cokernels. Therefore for every morphism f : F — G
in SH((C,T),R), we have that the canonical decomposition f = vy o uy oty from (2.2.5)
exists. It remains to be shown that u; is an isomorphism: Since the inclusion functor
¢ SH((C,T),R) — PSH((C,T),R) commutes with limits due to (4.2.17(c)), we have that
Ker(f) = Ker(cf) for Ker(f) being the kernel in SH((C,7T), R) and Ker(¢f) being the kernel
in PSH((C,T), R). Analogously, we have Coker(f) = (Coker(:f))*" as sheafification commutes
with colimits due to (4.2.17(d)). Similarly for the kernel morphism Ker(f) — F, we have
Coim(f) = Coker(Ker(f) — F) = (Coker(Ker(tf) — F))* = (Coim(cf))*". For Im(f), we
represent the cokernel morphism of f with G — Coker(f), then we have Im(f) = Ker(G —
Coker(f)) = Ker((G — Coker(cf))™). Due to sheafification commuting with finite limits, as seen
in (4.2.17(d)), we have Im(f) =& (Ker(G — Coker(¢f)))™ = (Im(cf))*®. As PSu((C,7T), R) is
an abelian category, the canonical morphism u,¢ : Coim(cf) — Im(cf), in the decomposition of
tf =wv,fouyot,y asseen in (2.2.5), is an isomorphism. Therefore since (4.2.17(d)) implies
that sheafification (_)*" commutes with kernels and cokernels, it can be shown that the following
diagram commutes:

Ker(f) = Ker(vf) F G Coker(cf) R Coker(f)

t,‘fl

[
tr Coim(bf)%lm(af) v
|

al B
Coim(f) "5 Tm(f)

U,
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whereby the morphisms «, 5 and « are the canonical morphisms from a presheaf to its sheafification,
as seen in (4.2.14(f)), and the remaining morphisms are the canonical kernels and cokernels. The
above diagram directly implies that (u, f)Sh fulfills the canonical decomposition f = vyo(u, f)Shot £
This implies that uy = (u,f)*®. Since u,s is an isomorphism, there exists an inverse morphism
v: Im(cf) — Coim(cf) and since sheafification is a functor, it is clear that v*" is an inverse to
(u,f)" in SH((C,T), R) and therefore us = (u,;)*" is an isomorphism in SH((C,T), R).

For (b): Due to how addition in PSH((C,T), R) and SH((C,T), R) is defined, it is clear that the
inclusion functor ¢ : PSH((C,7), R) — SH((C,T), R) is an additive functor. Similarly, as (_)*P is
induced by colimits, it is also clearly an additive functor as colimit functors are additive due to
(2.1.8(b)) and thus (_)*" is an additive functor.

Due to (4.2.17), we know that ¢ commutes with finite limits and that ()" commutes with finite
limits as well as finite colimits. This implies that ¢ is left exact and that (_)*" is exact. O

Corollary (Categories of Sheaves are Grothendieck Abelian Categories) (I11.2.2.15
[Mor20]): For a U-small Grothendieck pretopology (C,7T) with ¢-small covering families, we have
that PSH((C,7), R) and SH((C,T), R) are Grothendieck abelian U-categories, i.e. the following

statements are true:
(a) PSH((C,T),R) and SH((C,T), R) have generators.
(b) All U-small colimits exist in PSH((C,T), R) and SH((C,T), R).

(¢) For alU-small filtered category Z, the colimit functors colim?>" : Func(Z, PSu((C, T), R)) —
PSH((C,T),R) and colim$" : Func(Z, Su((C,T), R)) — SH((C,T), R) are exact.

Proof: We know that PSH((C,T), R) is an abelian U-category due to (2.3.2(c)) and we also
know that SH((C,T), R) is an abelian U-category due to (4.2.18(a)).

For (a): As shown in (3.2.10), we have a projective generator G = [lccon(c) R©) in
PSH((C,T), R). We now have to show that SH((C, T'), R) has a generator: In (3.2.10) we also con-
structed an isomorphism Hompgsy(c,7),r)(G: -) = [Iocob(e)(-)C in FuNc(PSH((C, T), R), ABy).
Furthermore, with the adjoint pair ((_)*",:) from (4.2.16), we have the isomorphisms
Homg,,((¢,7),r) (G, ) = Hompgyc,7),r) (G (1) = Teeope) t)C = Teeope)()C in
Func(Su((C,T), R), ABy). Analogously to (3.2.10), it is clear that [Jocopc)(-)C is a
faithful functor due to how morphisms of natural transformations are constructed, thus
HomSH((Cﬂ—)’R)(GSh,,) is a faithful functor. Since Homgy(c 7, R)(GSh,,) is left exact due to
(2.4.9), we have that HomSH((C’TLR)(GSh, _) is conservative due to (3.2.4(a)) and therefore G
is a generator of SH((C,T), R).

For (b): We already know that PSH((C,T), R) has all U-small colimits, since pRMODy, has all
U-small limits and colimits due to (1.5.12). Since gRMODy, is a good concrete U-category due to
(4.1.2(c)), it follows from (4.2.17(b)) that SH((C,T), R) has all U-small colimits.

For (c): Since filtered exact colimits are exact in RMODy, due to (2.4.12), it is also clear that
filtered exact colimits are exact in PSH((C,7), R) due to (I.5.3.1 [Mor20]).

Colimits in SH((C,T), R) are right exact since SH((C,7), R) is an abelian U-category and
(2.4.11). It therefore suffices to show that filtered U-small colimits are left exact in SH((C, T), R):
Let ¢ : SH((C,T),R) — PSH((C,T),R) be the inclusion functor which is left exact due to
(4.2.18(b)). ¢ induces a functor (v o _) : Func(Z,SH((C,T),R)) — Func(Z,PSuH((C,T),R))
that maps diagrams D to ¢ o D, which is left exact due to (I.5.3.1 [Mor20]). Since the colimit
functor colim?>" and sheafification (_)*" are exact, the colimit functor colim$" is left exact since
colim3" = (1) o colim¥>" o (10 ) is the composition of three left exact functors and therefore

colim3" is exact as claimed. O
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4.3 Grothendieck Pretopologies on Abelian Categories

In this section, we will see an important explicit example of Grothendieck pretopologies by defining
them on any abelian U-category A. Furthermore, we will find a useful characterization for sheaves
in these Grothendieck pretopologies and show that the Yoneda embedding factorizes through these
sheaves. These results will all be directly applied in Mitchell’s embedding theorem. As a reminder, we
have a Grothendieck universe U and a good concrete U-category D. We let A be an abelian U-category.

4.3.1 Example (Sheaves on Abelian Categories) (A.3.6 [Mor20]): As A contains all finite
limits due to (2.3.5), A contains all fiber products. The canonical pretopology on A is the
U-Grothendieck pretopology Tean where for every object A in A, the covering families of A are
exactly of the form Y = (u: B — A), whereby u is an epimorphism in 4. We will check that
(A, Tean) defines a U-Grothendieck pretopology:

(i) Base Changes: Let A be an object in A and A = (u : B — A) be a covering family of A4, i.e.
u: B — A is an epimorphism. Let f : C'— A be an morphism and (B x 4 C, pp, pc) be the
fiber product given via:

BXACZEB

re | f l

CcC— A

Due to (2.6.3(b)) and the fact that u is an epimorphism, pc must also be an epimorphism,
thus f*A = (pc : B x4 C — C) is a covering family of C' and 7¢ay contains base changes.

(ii) Compositions: Let A = (u: B — A) be any covering family of A and B = (v: C — B) be
any covering family of B, we have that u and v are epimorphisms. It is clear that wo v is
also an epimorphism, and thus 2 = (uowv : C — A) is a covering family of A.

(iii) Isomorphisms: If uw: B — A is an isomorphism in A, v is in particular an epimorphism and
thus 2 = (u: B — A) is a covering family of A.

Furthermore, it is clear that (A, Tcan) is a U-Grothendieck pretopology with U-small covering
families, as all covering families are singletons. Thus, many of the statements proven in Section
4.2 are applicable to (A, Tean)-

As (A, Tean) is a U-Grothendieck pretopology, we can use (4.2.2) to define D-valued sheaves on
abelian U-categories A via SH(A, D) = SH((A, Tean), D), SH(A, R) = SH((A, Tcan), R), SH(A) =
SH((A, Tean)) for a U-ring R.

From now on, (A, 7can) will always denote the canonical U-Grothendieck pretopology on A.

4.3.2 Note (Characterizations of Sheaves) (A.3.6 [Mor20]): Let F' be a presheaf in PSH(A, D).
For all epimorphisms f : A — B in A, i.e. covering families B = (f : A — B), we have the
following fiber product induced from f: A — B:

We have per definition that Hp(B, F') = Eq(Fp1, Fp2) = Ker(Fp; — Fps). Therefore F is a
sheaf if and only if for all objects B in A and all covering families B = (f : A — B), we have that
it : FB = Hp(B,F), a— Ff(a)is an isomorphism, due to (4.2.3). This is also equivalent
to the following two statements:

(i) The separation morphism g = Ff : FB — FA, as seen in (4.2.2), is a monomorphism.

(ii) The image of tp g = Ff is isomorphic to Hp(B, F) = Ker(Fp; — Fps).
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4.3.4

4.3.5

Combined, these two conditions are the same as checking that the following sequence is exact:

0— FB X pA ™27 pa xp A).

Note (Categories of Sheaves are Abelian): Since (A, Tcan) is a U-Grothendieck pretopology
with U-small covering families, we have that SH(.A, ABy) is an abelian category due to (4.2.18(a)).

Note (Yoneda Embeddings for Abelian Categories) (A.4.3(b) [Mor20]):
For construction of A': We claim that the Yoneda embedding h : A — PSH(A) from
(1.4.6) factors through PSH(A, ABy), i.e. there exists an embedding 4’ : A — PSH(A, ABy)
such that b’ composed with the inclusion ¢ : PSH(A, ABy/) — PSH(A) is h. This is due to the fact
that for all objects A in A, h maps to the functor h : A°? — SETy, B — Homy(B, A), f — f*
where we have canonical U-group structures on Hom4(B, A) with group homomorphisms f*,
induced from A being an abelian U-category. This allows us to induce a presheaf h 4 : AP — ABy,
B+~ Homy(B, A), f > f* and thus we can induce the embedding A’ : A — PSH(A, ABy), with
A+ ha for objects and f + hy for morphisms, as claimed.

For properties of h': Since the Yoneda embedding h is fully faithful as a consequence of the
Yoneda lemma due to (1.4.7), it is clear that b’ is also fully faithful due to A’ having the same
underlying morphism mappings as h. Due to (2.4.9) and using the fact that limits of presheaves
are determined object-wise due to (I.5.3.1 [Mor20]), we see that for a finite diagram D : Z — A,
we have limzh'D = lim;copzyHomu(-, D(i)) = Homy(, limjeonzyD(i)) = A'(limzD). This
implies that A’ commutes with finite limits and is thus left exact.

Lemma (Representable Presheaves are Sheaves) (A.3.6(c) [Mor20]): Let F' be a presheaf
in PSH(A, ABy) that is representable, which is defined as follows: For the Yoneda embedding
B+ A — PSH(A, ABy) from (4.3.4), we have that there exists an object A in A such that
F=hsg=hAin PSH(A, ABy). We then claim that F is a sheaf.

Proof: Since F' is representable, we have that F' = hy = Hom 4(_, A) for an object A in A. In
(2.4.9), we learned that Hom (-, A) is a left exact functor, which clearly also makes F' left exact.

For any covering family 8 = (f : A — B) of an object B in A, i.e. any epimorphism f: A — B,
let (A xp A, p1,p2) be the fiber product generated from the morphism f : A — B twice. We
then claim f is the cokernel of p;1 —po: A xp A — A. As f is an epimorphism, we have that p;
and py are epimorphisms due to (2.6.3(b)). Withu: Axp A —>A@Aandv: A®A— B as
defined in (2.6.2), it can be shown that v is an epimorphism due to the fact that f, p; and po
are epimorphisms. This makes A xp A = A@® A = B — 0 into an exact sequence. Therefore,
due to (2.6.2(b)), we have that the square in the following diagram:

is cocartesian as well as cartesian. Therefore for any morphism g : A — W in A such that
g o (p1 — p2) is the zero morphism, i.e. gop; = g o pa, we have that there exists exactly one
morphism « : B — W in A such that the above diagram commutes. This implies that f fulfills
the cokernel property of p; — po.

We therefore know that the sequence A xp A "% A 1 B =5 0 is exact. Due to F being

a contravariant left exact functor, we then have that the sequence 0 — F'B Bl gy Frizip
F(AxpA)in ABy is exact due to (2.4.8). Since the object B and covering family 8 = (f : A — B)
were freely chosen, we have that F is a sheaf due to (4.3.2). O
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4.3.6 Lemma (Yoneda Embeddings Factorize through Sheaves) (A.4.3(b),(c) [Mor20]): We
have that the Yoneda embedding h : A — PSH(A) from (1.4.6) factors through SH(A, ABy). In
other words, there exists a functor h” : A — SH(A, ABy) such that h = ¢ o h” for the inclusion
functor ¢ : SH(A, ABy) — PSH(A). Furthermore, we claim that h” is a fully faithful exact
functor.

Proof: For existence of h” and h” being fully faithful: Due to (4.3.4), we have that the Yoneda
embedding h factors through PSH(A, ABy), therefore it is enough to show that the Yoneda
embedding i’ : A — PSH(A, ABy) factors through SH(A, ABy). We define b” : A — SH(A, ABy)
through the object mapping A +— hy = Homy(_, A). Since for all objects A in A, we have that
ha : A°® — ABy is by definition representable, it follows from (4.3.5) that h4 is a sheaf and
lies in SH(.A, ABy). Furthermore, we define the morphism mappings of h” exactly as they are
defined in h and #, i.e. f > hy. Since h and A’ are fully faithful due to (1.4.7) and (4.3.4) and
since SH(A, ABy) is a full subcategory of PSH(A, ABy), we have that h” is fully faithful.

For h” being left exact: The functors (_)*" and b/ are exact due to (4.2.18(b)) and (4.3.4), which
implies that (_)*"oh/ : A — SH(A, ABy) is left exact as the composition of two left exact functors.
Since b’ already maps objects in A to sheaves in SH(.A, ABy), it is clear that (_)*" o b/ is naturally
isomorphic to h” with the help of (4.2.14(e)). Therefore, h is left exact since (1)*P o b/ is left
exact.

For h” being right exact: We denote images in SH(A, ABy) with Im®" and images in PSH(A, ABy,)
with Im. To show that h” is right exact and thus exact, it is clearly enough to show
that h” maps epimorphisms to epimorphisms due to (2.4.8). Let f : A — B be an
epimorphism in A, we want to show that hy : hy — hp is an epimorphism, or equiva-
lently that Im*"(h;) = (Im(h;))™" is isomorphic to hp. The natural transformation h; in-
duces the morphisms (fx = hyW : Homy(W,A) — Homa(W, B))weon(4), and the canon-
ical monomorphism p : Im(hy) — B in PSH(A, ABy) with the inclusion monomorphisms
(W : Im(hy)W — Homa(W, B))weob4)- We know that the image morphism of sheaves
P Im*B(hf) — hp is given by the sheafification ((pW)Sh)W€Ob(W) due to the proof of (4.2.18).
Let W be an object in A, due to the construction of the separation functor in (4.2.12(xx)),
we have that p*PW = colimcyo(yyyopftfWa  Im(hy)*PW — REPW = hpW, with hyW 4 as
defined in (4.2.12(%x)). Since (_)*" = ()P o (1)*P where (_)*P is a left exact functor due to
the proof of (4.2.17(d)), and since colimit functors map epimorphisms to epimorphisms due to
(2.4.11) and (2.4.8), it is enough to show that the monomorphism (pW¥)*P is an isomorphism
for every object W in A.

Since h and hp are sheaves due to (4.3.5), we have for any object W in A and for any covering
family 20 of W the isomorphisms Hyy (20, ha) = Hom4(W, A) and Hw (200, hp) = Hom 4 (W, B).
Due to the construction of filtered colimits in ABy, with the help of (1.5.16) and (1.5.17(b)),
it is enough to show that for every element u € Hom 4(W, B), there exists a covering family
2 = (g: G — W) of W such that for the element hpg(u) = g*(u) = uog € Hw (2, hp) =
Hom 4 (G, B), there exists an element k € Hy (20, ha) = Homy(G, A) such that h Wy (k) =
hy(k) = hpg(u). This claim would imply that u lies within Im®*P(hy)W = (Im(hy))**PW and
that the monomorphisms p**PW and p*"W are isomorphisms. Let u € h (W) = Hom4 (W, B)
and observe the fiber product with the projections pa4 and pyy:

AXBWIXVW

2 f l

A— B

)

since f is an epimorphism, pyy is also an epimorphism due to (2.6.3(b)), this makes (py) = 20
a covering family of W in (A, 7can). Due to the commutativity of the diagram, we have
hf(pa) = fopa =wuopw = hppw(u). Thus, when we set g = py and k = p4, the claim follows
and hy is an epimorphism in SH(A, ABy). O
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5 The Mitchell Embedding Theorem

Now we have all the results required to state and properly understand the proof of Mitchell’s embedding
theorem. Let U be a Grothendieck universe.

5.1 Theorem

The Mitchell Embedding Theorem (II1.3.1 [Mor20]), ([NCal9]): Let A be a U-small abelian
category. There exists a U-ring R with a fully faithful exact functor G : A — rpMODy to the U-left-R-
modules. Analogously there exists a U-ring R and a fully faithful exact functor G : A — MODpgy to
the U-right- R-modules.

Proof: Due to (1.3.9), it is clear that it is enough to show the existence of G : A — rRMODy,.

We denote the canonical U-small Grothendieck pretopology on A by (A, Tcan), then due to (4.3.6),
we have that the Yoneda embedding from (1.4.6), denoted by h : A — SETy, factorizes through the
category of sheaves SH(A, ABy) = SH((A, Tcan), ABy). More precisely, for the canonical inclusion
functor ¢ : SH(A, ABy) — PSH(A), there exists an embedding functor " : A — SH(A, ABy) such that
h=10h". (4.3.6) also implies that h” is a fully faithful exact functor.

Since SH(A, ABy) is a Grothendieck abelian U-category due to (4.2.19) and A being U-small,
SH(A, ABy) has an injective cogenerator G due to (3.4.7). Furthermore, since SH(A, ABy) is a
Grothendieck abelian U-category, it is an abelian U-category and it has all A/-small colimits. The above
statements imply due to duality that SH(.A, ABy)°P has all ¢/-small limits and is an abelian U-category
as seen in (2.3.3), and furthermore has a projective generator G.

For the embedding h” : A — SH(A, ABy), we observe the image h’”(A) as a subgraph of SH(.A, ABy).
Due to h” being fully faithful, it is easy to check that h”(A) is a well-defined full subcategory of
SH(A, ABy). Since A is U-small, it is clear that h”(A) is also U-small. Due to h” being exact, h”
commutes with finite limits and colimits, and due to A having all finite limits and colimits due to
(2.3.5), it is clear that h”(A) is stable under all finite limits and colimits of SH(.A, ABy), as defined in
(3.3.2).

Due to duality, it is clear that h"°P : A°P — SH(A, ABy)°P is also a fully faithful exact functor, with
h"(A)°P being a U-small full subcategory of SH(A, ABy)°P which is stable under all finite limits and
colimits of SH(A, ABy)°P. Since SH(A, ABy)°P has a projective generator G, all the prerequisites for
(3.3.3(b)) are fulfilled, which then implies that there exists an object H in SH(A, ABy)°P, a U-ring
S = Homgy( 4, amy,)er (H, H) of endomorphisms and a fully faithful exact functor F" : h”(A)°P — MODgy.
Due to the Yoneda embedding h” being fully faithful and exact, we have that F o h” : A°°? — MODgy,
is a fully faithful exact functor. Due to (1.3.9), we have the category-equivalence MODg;s = gor MODyy,
which induces a fully faithful exact functor G : A°? — gop MODy, from F o .

If we apply the argument above, but starting with A°P instead of A, which is still a U/-small abelian
category due to (2.3.3), we would instead receive a fully faithful exact functor G : A — rpMoD, for a
U-ring R as desired. O

5.2 Applications of the Mitchell Embedding Theorem

Let A be an abelian U-category that is not necessarily U-small. Although Mitchell’s embedding theorem
may not be used on A since it may not be U-small, we can extend its usability to U-small diagrams
D :7 — A, by claiming that D factorizes through a U-small subcategory B of A where Mitchell’s
embedding theorem can be applied on B. This would enable us to apply diagram chasing, as mentioned
in the Motivation and Introduction, onto abelian U/-categories A.

5.2.1 Lemma (/-Small Abelian Subcategories) ([Stal4]), (1.3.2 [Wei%4]): Let A be an abelian
U-category and D : Z — A be a U-small diagram. Then the subgraph D(Z) of A, i.e. the image
of D in A, is contained within an abelian full ¢/-small subcategory B of A. Furthermore, the
inclusion functor ¢ : B — A is fully faithful and exact.
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5.2.2

Proof: For construction of By: As D(Z) is a subgraph of A, we claim that there exists a minimal
full U-small subcategory of By of A with the following properties: By contains all objects and
morphisms of D(Z) and By contains all finite biproducts of objects in D(Z) as they exist in A,
as seen in (2.3.1). By can be shown to exist through explicit construction: Let Ob(Bp) be the
set of all objects A of A where there exists a finite collection of objects (D(i;));es in D(Z) such
that A= ,c; D(i;). Let the morphisms Mor(Bp) be all the morphisms f in A such that the
domains and codomains are objects in By, i.e. dom(f),cod(f) € Ob(By).

It is easy to check that this construction forms a full subcategory By of A, which implies directly
that By is a U-category as A is a U-category. Furthermore, we claim that By is U-small: Since
Ob(D(Z)) is U-small due to T being U-small, we have that [],cn, Ob(D(Z)) is U-small due to
(I.1.3(viii) [Mor20]). Since the cardinality of Ob(By) is clearly lesser or equal to the cardinality
of the U-small set [],cn, Ob(D(Z)), Ob(By) is itself U-small with the help of (1.1.3(c)).

For the minimality property of By, let A be a full #-small subcategory of A that contains D(Z)
and the corresponding finite coproducts of objects in D(Z). It is clear that by construction, A
must contain By.

For construction of B,,+1 given B, n € Ny: For all n € Ny, we want to recursively define a full
U-small subcategory B,,+1 of A that contains D(Z) and the corresponding biproducts of D(Z),
under the assumption that B, also has these properties. We have already defined the base case
Bo.

Given a full #-small subcategory B,, that contains D(Z) and the corresponding finite biproducts,
we construct By as follows: B,41 contains all objects and morphisms from B, i.e. B, is a
subcategory of B, 1 and thus D(Z) is a subcategory of B, 1. We define Ob(B,,+1) as follows:
Let Ob(B,,+1) be all objects A of A where there exists a finite collection of objects (A4;); € J
for which each A; lies in Ob(B,) or is a kernel or cokernel of a morphism in By, such that
A= @jecs Aj. For Mor(By,41), add all morphisms f in A such that dom(f),cod(f) € Ob(Bp+1).
This makes B,,41 into a full subcategory.

By is still U-small, as Ob(B,+1) has at most the same cardinality as [],cy, 2, whereby
x is a set with the cardinality of Ob(B,) in disjoint union with two disjoint copies of
(Hom4(A, B)) a,Beonb(s,) (one for the kernels and one for the cokernels). It is easy to check that
x is U-small and thus that [[,, oy, @ is U-small, with the help of (1.1.3(c)) we have that Ob(B,,11)
is U-small.

For construction of B: Take B = {J,,cn, Bn to be the smallest full subcategory of A that contains
all full subcategories of the form B,. B exists with a similar argument to the existence and
minimality of By, as it is the unique full subcategory of A whereby Ob(B) = U,,cn, Ob(B,). B
clearly contains D(Z) and has a bilinear composition o. Furthermore, B contains the kernels
and cokernels of its morphisms, since every morphism f in B is a morphism of B,, for some
n € Ny, and thus its kernel and cokernel lies in B, 1 C B. Analogously, B contains all finite
biproducts, including a zero object 0. Since the decompositions of morphisms f € Mor(B) from
(2.2.5) are the same in B than that of A, the induced morphism uy : Coim(f) — Im(f) in B is
an isomorphism, making B an abelian U-category. As each Ob(B,,) is U-small, it follows that
Ob(B) = Uyen, Ob(Bn) is U-small due to (1.1.2).

For exactness of inclusion functor being fully faithful and exact: ¢ is fully faithful due to B being
a full subcategory of A. Using (2.4.8), it is enough to prove that ¢ commutes with kernels
and cokernels. Due to our construction of B, the kernel and cokernel in A of every morphism
f € Mor(B) also lies in B, which fulfills the properties of kernels and cokernels in B. Thus we
have Ker(cf) = tKer(f) and Coker(cf) = (Coker(f) which implies the exactness of . O

Applications (The Mitchell Embedding Theorem on Large Categories): The most
famous applications of Mitchell’s embedding theorem in (5.1), used together with (5.2.1), are
to prove generalizations of important lemmas in homological algebra that have been proven by

61


http://perso.ens-lyon.fr/sophie.morel/notes540.pdf#prop.1.1.3

diagram chasing. Here is a brief overview of such lemmas and how Mitchell’s embedding theorem
can be applied on them:

(a)

(%)

(c)

Short Five Lemma for Modules (2.2 [Vit10]): Let R be a U-ring, observe the following
commutative diagram in gRMODy such that the rows are exact:

0 11 0
| s A
0 PN N 0

then the following statements are true:

(a) If @ and  are monomorphisms, then /3 is a monomorphism.
(b) If @ and v are epimorphisms, then /3 is an epimorphism.

(¢) If @ and ~ are isomorphisms, f is an isomorphism.

Proof: See reference for the case where the diagram lies in ABy = zMoDy. The proof in
(2.2 [Vit10]) generalizes without significant modification to pRMODy. O

Short Five Lemma for Abelian Categories: Let A be any abelian U/-category, then we
claim that the short five lemma applies as well for all diagrams of the form (x) in A.

Proof: Any such diagram in A clearly defines a U-small subgraph of A as it is finite. This
subgraph induces a U/-small category Z, which is the smallest subcategory of A that contains
the original diagram of the form (x). With the canonical inclusion functor D : Z — A
and (5.2.1), there exists an abelian full #/-small subcategory B of A that contains Z and
therefore also the diagram of the form (x). Using Mitchell’s embedding theorem from (5.1)
implies that there exists a fully faithful exact functor G : B — pMobDy, for a U-ring R. Our
diagram thus embeds itself into pMOD,, where we can apply the short five lemma from
(5.2.2(a)).

Since G and the inclusion ¢ : B — A are exact, G,: send monomorphisms (respectively
epimorphisms and isomorphisms) to monomorphisms (respectively epimorphisms and iso-
morphisms) due to (2.4.8). Since G and ¢ are faithful and exact, G, ¢ reflect monomorphisms
(respectively epimorphisms and isomorphisms) due to (3.2.3) and (3.2.4). Since the short
five lemma in (5.2.2(a)) only implies statements on whether morphisms are monomorphisms,
epimorphisms or isomorphisms, we conclude the following: The statements of the short five
lemma from (5.2.2(a)), applied on the diagram of the form (x) embedded into pRMODy
via G : B — rMODy, imply that the short five lemma holds in B. We then have the
generalization of the short five lemma from (5.2.2(a)) as it also applies in A. This follows
from the monomorphism- (epimorphism- and isomorphism-) preserving properties of G and
L. [l

In summary, the short five lemma, through the Mitchell embedding theorem from (5.1) and
(5.2.1) can be generalized to work for any commutative diagram of the form (x) in any
abelian U-category A.

For the following diagram chasing lemmas, the application of Mitchell’s embedding theorem is completely
analogous to that of the short five lemma. This is because the statements of these lemmas involve
U-small diagrams, the existence of morphisms and whether they are monomorphisms, epimorphisms or
isomorphisms. These statements are invariant under fully faithful exact functors and thus Mitchell’s
embedding theorem (5.1) and (5.2.1) are analogously applicable:

Five Lemma for Modules (1.3 [Hail8]), ([Prol9]): The five lemma is an important
generalization of the short five lemma, which is often used to compute homologies and
cohomologies of long exact sequences of modules and groups. It has almost the same diagram
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and setup as the short five lemma, but with the corners of the diagram in (%) replaced with
objects that are not necessarily zero objects. A statement of this lemma for modules and a
proof through diagram chasing can be found in the references. Mitchell’s embedding theorem
from (5.1) with (5.2.1) generalizes this lemma to work for all abelian U-categories.

(d) Snake Lemma for Modules (1.14 [Hail8]): The snake lemma is a similarly important
lemma to the five lemma, as it sometimes allows one to extend a collection of short exact
sequences into a long exact sequence with the help of an induced “connecting morphism’
between short exact sequences. A statement of the snake lemma for modules and a diagram
chasing proof can be found in the reference. Applying Mitchell’s embedding theorem (5.1)
and (5.2.1) allows us to apply the snake lemma on all abelian U-categories.

9

(e) Snake Lemma for Abelian Categories: The snake lemma for abelian U-categories is
useful for characterizing an important property of derived functors: Let A and B be abelian
U-categories such that A has enough injectives, as defined in (3.1.6(a)), then for an additive
left exact functor F' : A — B, we define the i-th right-derivative of F, for i € Ny, as the
functor R'F : A — B seen in ([Wik21a]). Then for an exact sequence 0 = A — B — C — 0
in A, the exact sequence 0 -+ FA — FB — FC in B can be extended with the help of the
snake lemma to a long exact sequence:

0—+FA—FB—FC— R'FA— R'FA— R'FB— R'FC — R*FA — ...,

whereby the morphisms R'FC — R‘T1F A are the “connecting morphisms” induced by the
snake lemma for all ¢ € Np.

(f) Nine Lemma for Modules (2.4 [Hail8]): The nine lemma is a less used diagram chasing
lemma than the other lemmas that can be derived from the snake lemma. A diagram chasing
proof of the lemma for categories of modules may be found in the reference, which can be
generalized to also work for abelian categories through the help of Mitchell’s embedding
theorem (5.1) from and (5.2.1).

6 Conclusion

Explaining the mathematical machinery behind Mitchell’s embedding theorem (5.1), especially from
the basics, requires a sizable amount of work and preparation: The constructions of Grothendieck
universes, categories, functors and their various types (e.g. adjoint functors, natural transformations)
are an important basis from which we study limits and colimits, hom-functors, the Yoneda Lemma
(1.4.5) and abelian U-categories. Obviously as Mitchell’s embedding theorem (5.1) aims to construct a
profound statement on abelian U-categories, much of our focus will be on constructions on abelian
U-categories: We constructed injectives, projectives and Grothendieck abelian U-categories (3.4.1),
which have enough injectives and projectives due to (3.4.6). Sheaves and sheafifications are then
introduced at a rather abstract level, due to our required construction of a U/-Grothendieck pretopology.
This provided categories where the Yoneda embedding could factorize to give us the embedding in
Mitchell’s embedding theorem (5.1).

As much work is put into proving the theorem, it would make sense to ask how much insight can
be gleaned from it. There are definitely uses stemming from generalizing certain lemmas proven for
all categories of modules pMODy; and MODpy, such that they also apply to abelian U-categories,
or at least U-small abelian categories. With the help of the construction of (5.2.1), we saw how to
apply Mitchell’s embedding theorem (5.1) even when we do not have a U-small abelian category A to
work with. Mitchell’s embedding theorem (5.1) is also likely very useful when aiming to quickly solve
questions in abelian U-categories by allowing mathematicians to rely on their intuitions with element-
and set-based arguments allowed within modules, which are sometimes unavailable or cumbersome in
category theory.

However, some mathematicians do have criticisms of Mitchell’s embedding theorem (5.1): For example,
Martin Brandenburg has stated in his commentary ([Stal7]) that especially when proving diagram
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chasing lemmas as in (5.2.2), there exists more elementary, category-theoretic proofs. These more
direct proofs may be more elegant since they do not consider the category of modules as a special case
that needs to be proven separately.

Regardless of any pitfalls the theorem has in its usefulness, proving the theorem is definitely an excellent
exercise to familiarize oneself with category theory, sheaves and homological algebra, due to the variety
of lemmas and theorems stemming from disparate constructions that one must learn. The Mitchell
embedding theorem (5.1) provides a convenient and quick shortcut to proving certain statements for
abelian U-categories, even if some may consider other more involving and direct methods more elegant.
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